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ABSTRACT FUNCTIONAL DIFFERENTIAL EQUATIONS
AND REACTION-DIFFUSION SYSTEMS

R. H. MARTIN, JR. AND H. L. SMITH

ABSTRACT. Several fundamental results on the existence and behavior of solu-
tions to semilinear functional differential equations are developed in a Banach
space setting. The ideas are applied to reaction-diffusion systems that have time
delays in the nonlinear reaction terms. The techniques presented here include
differential inequalities, invariant sets, and Lyapunov functions, and therefore
they provide for a wide range of applicability. The results on inequalities and
especially strict inequalities are new even in the context of semilinear equations
whose nonlinear terms do not contain delays.

Suppose Q is a bounded domain in RY with 9Q smooth and A is the
Laplacian operator on Q. Also, let m be a positive integer, T a positive
number, and f = (f,)]" a continuous, bounded function from [0, co] x Q x
C([-7,0])" into R™ where C([-1, 0]) is the space of continuous functions
from [-7, 0] into R. The purpose of this paper is to apply abstract results
for semilinear functional differential equations in Banach spaces to reaction-
diffusion systems with time delays having the form

du'(x, 1) =d.Au'(x, 1)+ f(t, x, u(x, ),
t>a, xeQ, i=1,...,m,
(RDD)  a,(x)u'(x, t) + 8,u'(x, ) = B.(x, 1),
t>a, xedQ, i=1,..., m,
ui(x,a+6)=xi(x,0), -1<60<0, xe€Q, i=1,...,m,

where a > 0, d, >0, and a;Q — [0, 00) is C' and B:Q x [0, ) — R
is C?. Here 0, is the outward normal derivative on 9Q and if &, = 0 it is
assumed that no boundary conditions are specified for this i. Also, 8tu'(x , 1)
denotes the partial with respect to ¢, whereas u,(x, ) denotes the member of
C([~7,0]) definedby 0 — u(x,t+6)=(u'(x,t+ 0)):" .

Our techniques provide basic existence criteria, but the main point is that
they can also be effectively applied to obtain estimates for solutions, especially
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those pertaining to inequalities and asymptotic behavior. In fact, the abstract
theorems may be used to analyze solutions to (RDD) with differential inequali-
ties, invariant sets, and Lyapunov-like functions. Therefore, these methods are
quite flexible and have a wide range of applicability.

The abstract results deal with semilinear integral equations of the form

u(z)=S(t,a)x(0)+/t T(t,r)B(r,u,)dr, t>a,
u(a+0)=yx(0), -71<6<0.

(SIE)

Here T = {T(¢t, s):t > s > a} is a linear evolution system on a Banach space
X and S = {S(¢, s):t > s > a} is an affine evolution system that is a nonho-
mogeneous perturbation of 7. The function B is continuous from [a, co) x &
into X where % is the space of continuous functions from [-7, 0] into X .
In (SIE) x € % is the given initial function and for each r € [a, ?], u, denotes
the member of & defined by u,(0) = u(r + 0) for 6 € [-7, 0]. For the past
decade there has been much research on abstract integral equations included in
the form of (SIE). Basic results are contained in Fitzgibbon [1], Lightbourne [8],
Rankin [15], Travis and Webb [19], and Webb [21]. Techniques for functional
differential equations in Banach spaces [i.e., when S(¢, s)x = T(¢, s)x = x for
all xe€ X and ¢ > s > a] can be found in Leela and Moauro [6], Lightbourne
[71, and Seifert [16]. Ideas related to the methods presented here but pertaining
to semilinear systems whose nonlinear term contains no delays are developed
in Martin [10] and in the books by Lakshmikantham and Leela [5], Martin [9],
and Smoller [18].

One of the main techniques presented here is the development of abstract
differential and integral inequalities. Very general and effective results are ob-
tained for (SIE) under the assumption that the ordering makes X into a Banach
lattice. Extensions of the concept of strict inequalities are also given in this
general setting and are based on estimates involving positive linear functionals.
Previous results for order-preserving properties for functional differential equa-
tions were developed in Kunisch and Schappacher [4], Martin [13], and Smith
[17]. The proof techniques for strict inequalities are motivated by the ideas in
Martin [11-13] and Smith [17].

The organization of this paper is as follows: The principal results for (RDD)
involving existence, invariance, and inequalities for solutions are described in
§1. These ideas form the core of applicability for our abstract techniques. §2
introduces notation and states the fundamental abstract results on existence
and invariance for (SIE) (the proofs are given in the final section). Integral
inequalities for (SIE) in a Banach lattice setting are also developed in §2 and
the continuation of these ideas to strict inequalities and systems is given in §3.
In §4 we give a detailed proof of the main existence and invariance results stated
in §2.
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1. REACTION-DIFFUSION SYSTEMS WITH DELAY

Suppose Q is a bounded region in RY with 9Q smooth, A is the Laplacian
operator on 2, and 9, is the outward normal derivative on 9Q. Suppose also
that C([—7, 0]) is the space of continuous functions from [-7, 0] into R

with the supremum noun and that f = ( f.)'I" is a continuous function from

. 1
[0, 00) x Q x C([-1, 0])" into R™ which is bounded on bounded sets. In
this section we state our main results regarding the behavior of solutions to a

reaction-diffusion system with delays having the form

ou'(x, 1) =d.Au'(x, 1) L X, U (X, ), U (X)),
1) ‘ | t>a, xeQ,
( a,(X)u'(x, 1) +kdu'(x,t)=B,(x,1), t>a, x€dQ,
W(x,a+0)=y(x,0), -1<60<0, xeQ,
where a > 0 and i =1, ..., m. It is assumed that the coefficients in (1.1)
satisfy the following:
(a) There is a subset X, of {1, ..., m} such that d, = 0 for
alli€X,and d, >0 for all i € I,
(1.2) (b) ;0 —1[0,00)is C' and B:Q x [0, o0) — Ris C for
i=1,...,m
(c) IfieZ thenk,=1andifi€X;thena,=0,4d,=0,
and ;=0

Observe that if i € £, then the ith equation in (1.1) is an ordinary functional
differential equation with the ith component depending on the “parameter”
x € Q. We allow the extreme cases ,=J and X, = {1,..., m}. Under
the assumptions in (1.2) it is often convenient to write (1.1) into two separate
parts:

(1.3)
O (x, 1) = filt, x, 1 (X, ), ..., ul(x, ), t>a, x€Q, i€X,,
W(x,a+0)=x(x,0), -1<0<0, xeQ, i€z,
and
B (x, 1) =dAu'(x, 1)+ fi(t, x, 1 (x, ), ..., (X, ),
L4 t>a, x€Q, i€X,
(14) a,()u(x, ) +0,u'(x, )= B(x,0), t>a, x€dQ, i€Z,
W(x,a+0)=y(x,0), -1<6<0, xeQ, ieZ,

The initial values xi are assumed to be continuous on Q x [-7, 0].
We now give the basic assumptions on the nonlinear term f = (/). It is
assumed that A is a closed convex subset of R” and for each ¢ € R” define

d(&; A) =inf{|¢ —nl:ne A}
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where |-| is some norm on R” . Also, set
C/'\" ={peC(-1,0)":p@)cAforall —1<0<0}
and note that CX’ is a closed convex set. The underlying assumptions on f
are as follows:
(a) f is continuous from [0, c0) x Q x Cy' into R™.
(b) For each R > 0 there exist v = v(R) € (0, 1] and L = L(R) € (0, o)
such that

j=1

(15) At x.9)~fils, x, )<L (It—sl”+Zl¢,—~ %l)

forall 1,5 €[0, R], x€Q, ¢,y € C([-7,0)" with |lg|, lv| <R,
and i=1,..., m.

(c)
hlir(x)l %d(¢(0)+hf(t,x, 9);A)=0 forall (¢, x,p)€[0, c0) x Qx Cl'\".
—0+

Assumption (1.5¢) is a subtangential condition on f relative to the set A and
has been employed in the study of functional differential equations by several
authors (see, for example, Seifert [16], Leela and Moauro [6], and Lightbourne
[71).

Even when the function f is smooth, if X, is a proper subsetof {1, ..., m},
then system (1.1) may not have a solution in a classical sense. Therefore, it is
necessary to consider generalized solutions to (1.1) and so we use ideas from
the theory of C, semigroups of bounded linear operators in a Banach space
(see Goldstein [3] or Pazy [14]). In particular, consider the uncoupled linear
system

o' (x, ) =dAv'(x, 1), >0, x€Q, ieX,

(1.6) a(x)'(x, )+ (x,1)=0, >0, x€dQ, i€,
v'(x,0) =vy(x), x€Q, ieI,

where v, € C(Q) and C(Q) is the space of continuous real-valued functions

on Q with the supremum norm |- loo - Let C (Q)" be the product Banach
space of continuous functions y = (y,)]" from Q into R™ with

IVl = max{|y,| :i=1,..., m}
and for each ¢t > 0 define the family of linear operators 7°(¢) = (Tl.(t)):" on
C(Q)™ in the following manner:
for each v, = (v)]' € C(Q)" define T(t)y, = (T, (v)T
(1.7)  where T,(t)v, = vy if i € Z, and T,(1)v, = v'(-, 1) with v’

1

the solution to (1.6) if /€ X.
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It is well known that T is a C, semigroup on C(Q)™ that is nonexpansive
and analytic. In order to include the nonhomogeneous boundary conditions in
(1.1), we also consider the system

ov'(x, ) =dM'(x,1), 1>5>0, x€Q, i€X,
(1.8) ai(x)vi(x,t)+6nvi(x,t)=/3i(x,t), t>5>0, x€0Q, i€3,
vi(x,s)zvé(x), 5§20, xeQ, ieZ,

and define the family S(z, s) = (S,(¢, s))'l" , t > 5 >0, of affine operators on
C(Q)" by

S(t, s)vy = (S,(t, s)vy)" where S(t, s)vy = v} if i € X, and
Si(t, s)vy=v'(-, t) with v' the solution to (1.8) if i € X .

(1.9)

Using standard arguments, it follows that if | € Zg and yi:ﬁ x [0, 00) = R is
smooth with

o, (X)7'(x, ) +8,7'(x, 1) = B.(x, 1) ondQx (0, o),
then S and T are connected by the formula
S(t, s)vh =Tt - )vh — ()] + (1),  125>0, vieCQ),
where 4, =0 if i€ X, and

A=y 0+ [0 Tt NI AY (. 1) -85, ndr

if i € X, [see property (S3) in §2].

Finally, let & = Z€([-7, 0]; C(Q)™) be the space of continuous functions
from [-7, 0] into C(Q)™ and identify members ¢ of % as functions from
Q x[-1, 0] into R":¢(x, 8) = [¢(0)](x). In particular, ¢ is continuous on
Q x [-7, 0] and it follows that ¢(x,-) € C([-7, 0]; R™) for each x € Q.
Thus f(¢, x, ¢(x, ) is well defined on [0, co) x Q x € and, by continuity,
x — f(t, x, p(x,")) is in C(Q)™ whenever ¢(x,0) € A for all (x,8) €
Q x [-1, 0] [see (1.5a)]. Therefore, if

%, ={p € €:9(x,0) € A for all (x,0) € Qx[-7,0]}
(1.10)  and [B;(z, p)l(x) = fi(t, x, ¢(x, ) for (z, ) €[0, c0) X &, ,
xeQ,and i=1,...,m,

then B is a continuous function from [0, oo) x #, into C Q™
Let T =(T,)]" beasin (1.7), S=(S,)]" asin (1.9), B =(B,)]" asin (1.10),
and consider the system of integral equations having the form

: t 4
(1.11) u'(l)=Sl.(t,a))(i(a)+/ T(t—r)B(r,u,)dr, u;=xi, t>a,

where /= 1,...,m and u, denotes the member ¢ of #(Q)" defined by
9(8) = (u'(r +6))]" for —7 < 6 <0. Under these circumstances, if («')]" is a
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smooth solution to (1.1) on Q x [a, b] and [uf(z)](x) = ui(x, t) for (x,1¢) €
Qx[a,b] and i = 1,...,m, then u = («) is a solution to (1.11) for

t € [a, b]. Conversely, if (u')]" is a solution to (1.11) on [a, b] having the
property that the functions ui(x, )= [ui(t)](x) are C' in ¢ and C? in x for
i € Xy, then (u')]" is also a solution to (1.1). Therefore, a solution (u')}" to the
abstract integral equation (1.11) is said to be a mild solution to (1.1). Here it
is understood that mild solutions are considered in the space C(Q)” —that is,
S, T, B, and the integral in (1.11) are defined in terms of the space C(Q)"
[see equation (2.1) with X = C(Q)"].

The subtangential condition (1.5c) on f implies that for each x € Q, the
solution w to

w'(t)zf(t,x,wt), wa=w0, t>a,

satisfies w(¢) € A for t > a whenever wO(H) € A forall —7 <6 <0 (see,e.g.,
Seifert [16]). Therefore, our final assumption asserts that a similar property for
the linear part of (1.1) is valid:
(1.12)

vo(x) € A for all x € Q implies [S(¢, s)vo](x) eAforallt>s>0and x € Q.

Stated in other terms, (1.12) implies that if vy(x) € A forall x € Q, (vi)]" is
defined on Q x [a, o0) by vi(x , D= vé(x) for i€ X, and v’ is the solution
to (1.8) for i € X5, then (v'(x, 1)) € A forall (x,#)eQx[s, o).

Under these conditions we have the following basic result on the existence
and uniqueness of a solution to (1.1):

Theorem 1. Suppose that (1.2), (1.5), and (1.12) are satisfied. Then (1.1) has
a unique noncontinuable mild solution u = (ui)'ln defined on Qx[a—1, b) where
b=0b(y) and a < b < oco. Furthermore, u(x,t) € A forall (x,t)€Qx[a, b)
and if b < oo then |lu,|, — oo as t = b~ . Also, if b>a+ 1 then (ui):" isa
classical solution to (1.1) for (x,t)eQx[a+71,b).

The existence of a unique noncontinuable mild solution u to (1.1) having
values in A is a direct consequence of our existence and invariance theorem for
abstract integral equations of the form (1.11), which is given in the next section
(see Theorem 2). In order to establish the differentiability of the mild solution
u, note that each S;(¢, a)y;(0) is C ' for ¢ > a since the boundary terms are
smooth. Thus if A is the (infinitesimal) generator of 7" and g(¢) = B(¢, u,)
for a <t < b, then g is continuous and u(t) = S(t, a)x(0) + v(¢) where

v(t) = /t T(t—r)g(r)dr fora<t<b.

In particular, v is the mild solution v’ = Av + g(¢), v(a) = 0, and hence v is
Hoelder continuous on (a, b) by Theorem 3.1 of Pazy [14, p. 110]. The Lip-
schitz continuity of f is then seen to imply that g(¢) is Hoelder continuous on
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(a+7, b) (since u, depends only on the values of u on [t -1, t]). Therefore,
by Theorem 3.2 of Pazy [14, p. 311], v is C' on (a+1,b), v(t) e D(A), and
v'(t) = Av(t) + g(t) fora+t<t<b.

From this and the smoothness of S it follows that u is C' on (a+r1,b),

u(t) — ii(t) € D(4), and
W (1) = A(u(r) — p(t)) + 2(2) + B(t, u,).
But [u(?)](x) = u(x, t), so u'(t) has the representation

W (0)x) = lim WL UG gy

and the limit is uniform for x € Q. From these observations one can now
deduce that u is a classical solution to (1.1) on (a+ 1, b).

Theorem 1 is applicable in many important situations, and we list several
here in the form of remarks.

Remark 1.1. If A =[0, c0)” then (1.12) holds only in case B; >0 on 0Q x
[0,00) forall i e Z(C) by the maximum principle. Also, (1.5¢) holds only in
case f = (f,)] is quasipositive: if k € {l,...,m} and (¢, ) € [0, o) x
C([-7,0))" with ¢,(0) >0 forall -1 <6 <0 and i =1,...,m, then
9,(0) = 0 implies f, (7, x, ¢) >0 forall x € Q. Thus Theorem 1 gives criteria
to determine if solutions to (1.1) remain nonnegative if they are nonnegative
initially.

Remark 1.2. Theorem 1 also includes the method of invariant rectangles for
(1.1). For suppose that

A=la;, b]]x][a,, b]x - x]a,,b,]

where —oo < a; < b; < +oo. Then the maximum principle implies that (1.12)
holds whenever
ax)a; < Bi(x, 1) <a;x)b, for(x,t)€dQx[0,00), i€ Zg,
where «;(x)(—00) = —oco and a,(x)(+00) = +oo. Furthermore, it is easy
to check directly that (1.5¢) holds only in case f = ( f,)'l" has the following
property:
If ke{l,....,m} and ¢ = (p))]" € C([-7,0))" with a, <
9;(0)<b, forall -t1<6<0and i=1,...,m,then ¢, (0) =
a, implies f, (¢, x, ) > 0 for all (¢, x) € [0, 00) x Q and
9,(0) = b, implies f, (¢, x, ¢) <0 forall (z, x) € [0, 0)xQ.
Remark 1.3. If the diffusion coefficients are equal in (1.1) then Theorem 1
applies to a wide variety of convex sets A. So assume that I" is an indexing
set and that the following hold:
(a) {n,;oeT}CR” and {y,;0 €T} CR aresuchthat € A&7, &<
7, forall o €T.
(b) di=d and o, =a forall i=1,...,m.
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Then (1.12) is valid whenever
n, - (B(x, )] <a(x)y, forallg el and (x, ) €dQx [0, co)

(notice that this is always satisfied if f; = a; = 0—that is, each of the boundary
conditions is homogeneous and Neumann). For suppose y = (y,)]" € C(Q)"
with y(x) € A for all x € Q and define 6(x, ¢) = n, - [S(, 5)y](x) on Q x
[s, o0). Then

0,0(x,t)=dAd(x,t) [sinced,=d],
a(x)é(x, 1) +0,0(x, t) <a(x)y, [sinceq; =a),
o(x,s)=n,-y(x) <y, I[since y(x)€ Al

The maximum principle implies that é(x, 7) < 7., and so (1.12) must hold.
Condition (1.15¢) is valid in this case if and only if

whenever (1, x, ¢) € [0, 00) x Qx C([-7,0])" and o €T is
such that 7, -¢(0) =y, , then 7 - f(¢, x, ¢) <O.

(A proof of this is in [9, Lemma 7.3, p. 258], for example.) Of course, if all the
di ’s are zero, this is the standard invariance result for functional differential
equations [16]. '

Our final results are based on inequalities for solutions. If u = (u');" and
v o= (vi);" are R”-valued functions in Q x I, we write ¥ < v whenever

u(x,1) <v'(x,r) forall (x,1)e Qx1I and i=1,...,m. Also, if & =
()" and n = ()] are in R™, we write ¢ < n whenever & < n, for all
i=1,...,m. Moreover, if &",¢" € R” with &~ < &, then [¢7, &%) =

{neR™E <n<&'} (thatis, [, &N =TI7,16 . &D).

Under appropriate circumstances, we show that the existence of an upper
and a lower solution to (1.1) implies the existence of a solution to (1.1) lying
in between the upper and lower solutions. So suppose vE = (vii)f' are contin-
uously differentiable functions from Q x [a — 7, ¢) into A where a < ¢ < o0,
that they are C* in x€Q, i€ Z;, and that

v (x,1) < v+(x, t) and [v (x,1), v+(x, Hlc A for(x,t) e Qxla—1, c).

Furthermore, let f* = ( fii)]" be continuous functions from [0, co) x Q x
C([0, t])™ into R™ and assume the following differential inequalities are sat-
isfied:

(1.15),
6,vi+(x, 1) Za’iAv:'(x, t)+j;+(t,x, v:r(X, ), a<t<c, xeQ,
a,(x)v] (x, 1)+ 0,0 (x,t) =B (x, 1) > B(x,1), a<t<c, x€dQ,

vi(x,a+0) =1 (x,0)>x(x,0), -1<6<0, xeQ,



ABSTRACT FUNCTIONAL DIFFERENTIAL EQUATIONS 9

and

(1.15)_

v, (x,t)<dAv (x, )+ f (t,x,v, (x,), a<t<c, x€Q,
a;(x)v; (x, ) +0,v, (x,t)=p, (x,1) < B(x,1), a<t<c, xedQ,
v (x,a+0) =2 (x,0) <x'(x,0), -t<6<0, xeQ,

where appropriate modifications are made when i € £, (and hence d; = 0).
Our basic result is the following:

Proposition 1. Suppose that vE and f * are as in the preceding paragraph and
that (1.2) and (1.5) are satisfied with (1.5¢) replaced by the following:

ifke{l,...,myand (t,x, 9)€[a,c)xQx C(-1, 0))" with

v (x,t+0)<pO) <v(x,t+0)forall —1<0<0, then
(@) 9,(0) =v,:“(x, t) implies f,(t, x, ¢) < fk+(t, X, v;’(x, ), and
(b) 9,(0) = v, (x, t) implies f,(t, x, ) > f, (t, x,v, (x,)).

Then (1.1) has a unique noncontinuable mild solution u on [a, b) where b >
¢, and this solution satisfies

(1.16)

v (x, ) <ulx,t)<v(x,t) forall (x,1)eQx][a,c).

This proposition is a fundamental result for estimating solutions to (1.1)
using upper and lower solutions and differential inequalities. In Proposition
1 we (tacitly) allow the possibility that v, (x, ) = —oco [and hence (1.16b)
is automatically satisfied for this k] and that v; (x,t) = +oo [and hence
(1.16a) is automatically satisfied for this k£ ]. Note further that taking f =7,
v, (x,t)=a,, and v,.‘L(x , 1) = b; , the method of invariant rectangles (see Re-
mark 1.2) is a special case. This proposition is a consequence of our basic result
on abstract inequalities given in §3 (see Proposition 3).

Remark 1.4. Proposition 1 also has immediate application for obtaining in-
equalities between solutions to (1.1). The function f is said to be quasi-
monotone on A whenever the following holds:

if ke {l,...,m} and (¢, x, @), (t, x, ¥) € [0, o0) x Q x
(1.17) C([-7, 0])™ with ¢(8), w(8) € A and ¢(8) < y(0) for —1 <
6 <0, then ¢,(0) = y,(0) implies f (¢, x, ¢) < f.(t, x, ¥).

Equivalently, if ¢ and y are as in (1.17) then

Jim 2d(w(0) = 9(0) + ALF(t, X, y) = f(t, X, 9)]; [0, 20)") = 0.

Observe that (1.16) automatically holds whenever fi = f and f is quasi-
monotone. In fact, if it is assumed that f and f; are quasi-monotone, then
(1.16) holds whenever f~ < f < ' on [0, 00) x Q x C([-7, O])™.
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Remark 1.5. As the proof given for Proposition 1 shows, it is not necessary to
assume v+ are differentiable, but merely that they are continuous on Q x [a —
7, ¢). In place of (1.15),, these inequalities are written in terms of integral
inequalities analogous to (1.11). In particular, for a < s <t < ¢ assume that

(1.15), vl (-, 1) >8] (¢, s)vf(~,s)+/tTi(t—r)Bl,+(r, vi(, ), dr
and
(1.15)" v, (-, 1) <8 (t, $)v; (-, 9) +/t T(t—r)B, (r,v (-,-),)dr

where Sft is defined as S; with B, replaced by ﬁii and Bii is defined as B,
with f, replaced by f= [see (C4) and (C5) in §2].

Corollary 1. Suppose that the hypotheses of Proposition 1 are satisfied with fi =
f andthat f is quasi-monotone. If ¥ and 3 are members of € ([-t, 0])" with
v, <X<1< v; and @ (resp., @) is the solution to (1.1) on Qx[a, b) (resp.,
on Qx[a, b)) with y =4 (resp., x =7), then b >b and

forall (x,t)eQxla,b,) where b, =min{c, b}.
Proof. The existence of # is a direct consequence of Proposition 1, and replac-

ing v~ by # in Proposition 1 establishes the existence of # with # <& < vt
(see Remark 1.5 and (1.15)" ].

Remark 1.6. Note thatif f is quasi-monotone and quasi-positive on [0, c0)™ ,
then Corollary 1 always applies with f t - f,v =0,and v = .

Results can also be obtained involving strict inequalities for solutions to (1.1).
A basic assumption on the nonlinear term f implying the strict positivity of
each component of nonnegative solutions to (1.1) is an irreducible type of con-
dition and has the following form: A C [0, co)” and there is an X € Q such
that

if X is a proper, nonempty subset of {1,..., m}, 0<¢ <t,, and
z=(z){:[t; — 7, t,] = A where
(1.18)  (a) z(t)=Oforall jeX andr, —1<1<1,,
(b) z;(1) >0 forall jeXand i —7<1<t,, then thereisa
k € X° such that sup{f, (¢, X, z,):t, <t <s}>0forall s, <s<t,.
Remark 1.7. Since A c [0, 00)™, it follows from the subtangential condition
(1.5¢) that if £ and z areasin (1.18) and k € X°, then f, (¢, x, z,) 2 0 forall

teft,, 1] and x € Q. Hence a crucial issue in (1.18) is that the supremum is
strictly positive. In fact, property (1.18) is a direct extension of the concept of
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irreducibility for a quasi-positive matrix. Recall that if 4 = (g, ;) isan m x m
(real) matrix then A4 is quasi-positive if g, ;2 0 for all i # j. Equivalently,

lim laf(c +hAE;[0,00)") =0 forall & =(&)] €0, 00)™.
h—0+ N !

If e, ..., e, isthe natural basis for R”, a subspace V' of R” issaidtobea
coordinate subspace if there is a nonempty subset £ of {1, ..., m} such that
{e;:i € X} is a basis for V. The matrix A4 is said to be irreducible if it has
no proper invariant coordinate subspace. It is easy to see that a quasi-positive
matrix A4 = (a;;) is irreducible if and only if the following is true:

if ¥ is a proper, nonempty subset of {1,...,m} and & €
[0, 00)™ is such that ¢ >0 for jeX and ¢ =0 for jexs,
then there is a k € X° such that Z;":l a,¢; >0 (e, if n=A¢
then n, > 0 for some k € X°).

(1.19)

m

Now suppose that L = (L,), is a bounded linear map from C([-7, 0])" into

R™ that is quasi-positive
if 9 =(p,)] € C([-7, 0])" with ¢, >0 forall i and ¢,(0) =
0 for some k, then L,(p)>0

(see Remark 1.1). Since L is independent of (¢, x) € [0, oo) x Q, it is easy to
see that (1.18) holds with A = [0, c0)™ and f(¢, x, ) = L(p) only in case

if Z is a proper, nonempty subset of {1, ..., m} and
9= () € C(I-7, 0])" with
(1.20) (a) p;(6) =0forall jeX and ~1<6 <0,

(b) (pj(0)>0forallje}:and -1<6<0,
then there is a k € Z° such that L,(p)>0.

Identify R™ as a subset of C[-7, 0]” by defining (6) =¢ on [—7, 0] for all
& €R” and define the map 4 = (4;)]" from R™ into R” by

A¢ = L(¢) and hence A = Li(f) fori=1,..., m.

If e, ..., e, isthenatural basis for R” and aijELi(éj) fori,j=1,...,m,

m
then
m

m m
Ac=1L [Z 51“31‘] =2 &Li(6) =3 a8,
j=1 j=1 j=1
and we see that A is represented by the m x m matrix (L,(é j)) . Furthermore,
we have the following:
if 4 = (a;;) where a;, = L[(éj) for i,j=1,...,m and
(1.21)  L:C([-7, 0])™ — R" is bounded, linear, and quasi-positive,
then L satisfies (1.20) if and only if A4 is irreducible.
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It is immediate that (1.20) implies that A4 is irreducible. Conversely, suppose A
is irreducible and ¢ is as in (1.20). By continuity select ¢ € [0, co0)” such that
¢ =0 for jeZXf and 0<¢ <g,0) forall ~t<O<0if jeX.If keXf
then p—€ >0 and qpk(O)—rfk =0, so Lk((p—f) > 0 since L is quasi-positive.
Hence L,(p) > L,(§) = 4, and it is immediate from (1.19) that L must
satisfy (1.20). Therefore, the techniques presented here are related to those for
functional differential equations given in Smith [17] and to reaction-diffusion
systems in Martin [12].

As opposed to using (1.18) directly, we consider a more general situation
which also has immediate implication for strict inequalities between two com-
parable solutions to (1.1). Therefore, assume that v¥ and f % are as in the
paragraph preceding Proposition 1 and that property (1.16) in Proposition 1
is satisfied. Paralleling (1.18), we assume in addition that the following holds:
there is an X € Q such that

if X is a proper, nonempty subset of {1,...,m}, 0<¢ <¢,, and
z= (z,.):": (4, -7, 5]— R" is such that
(a) zj(t) = v;(f, t) for all j € £ and t,—-1<t<t,,
(1.22)  (b)v; (¥, 1)< z(t)<v(X,1) forall jeZand 1, —T1<1<1,y,
then there is a k € X° with
sup{f,(t,X,z)—f, (t,X,v (X,):t; <t<s}>0
for each ¢, <5 <1t,.

Notice that (1.22) is the same as (1.18) if f/~ =0, v" = +o00, and v~ =0.
Again observe that the crucial issue in (1.22) is that the supremum is strictly
positive [compare with (1.16b)]. Our fundamental result for strict inequalities
is given by the following:

Proposition 2. Suppose the hypotheses in Proposition 1 are satisfied and also that
(1.22) holds. Let u = (u')}" be the mild solution to (1.1) on [a, b] guaranteed
by Proposition 1 and suppose in addition thereis a t, € [a, a+1) such that either
uk(f, t,) > v, (X,t) for some k € L, or uk(xo, t,) > v (xy, t,) for some
keZy and xy€ Q. If b >t +(m—1)T thenthereisa t, €t,, t,+(m—1)1]
such that

W(X,0)>v (X,1) forall ieT,and te(t,,,b),

(1.23) . _
u'(x,t)>v, (x,t) forallieZ;and all (x,1)eQx(1,,Db).

Taking v~ =0 and f~ =0 in Proposition 2 leads directly to the following:

Corollary 2. Suppose that X, is empty (and hence d, >0 for all i), the suppo-
sitions of Proposition 1 hold with v~ =0, and (1.18) holds. If u = (u[)'ln is
the nonnegative mild solution to (1.1) on [a, b) with b > t,+ (m — 1)t and
uk(xo, ty) > 0 for some (x,,t,) € Qx[a,a+ 1) and some k € {1, ..., m},
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then there is a t,, € [t,, t, + (m — 1)t] such that ui(x, t)y>0 forall (x,t) e
Qx(t,,b) andall ic{l,..., m}.
Now we show that Proposition 2 can be applied to obtain strict inequalities

between solutions to (1.1) (compare Proposition 1 with Corollary 1). Therefore,
in addition to assuming that f is quasi-monotone [see (1.17)], suppose that

there is an X € Q so that if ¥ is a proper nonempty subset of {1, ..., m},

t,>t >0, and 7t = (z?‘){" are continuous from [f, — 7, £,] into A with

(124 (@) z;(t) =z, (t) forall i€ X, t€[t, -1, 1,],
' (b) z (1) > z; (1) forall i€ X, tef, -1, 1),

then there is a k € X° such that
sup{f,(t, X,z )~ f,(t,X,2,);t,<t<5}>0
for each t, <s<t,.

This condition is completely analogous to (1.22) and the following result is
valid:

Corollary 3. Suppose that in addition to the suppositions in Corollary 1, X, is
empty and (1.24) is satisfied. If @t and @ are as in Corollary 1 with b, >
a+ (m— 1)t and there is a (x,, 1)) € Q x [a, a+ 1) such that ak(xo, ty) >
ak(xo, t,) forsome k € {1, ..., m}, thenthereisa t, €la, a+(m—1)t] such

that @' (x,1)>a'(x, 1) forall (x,1)eQx(t,, b)) andall ic{l,...,m}.

Again this is immediate from Proposition 2 by setting v =& and yx = % .
A crucial property of f needed for the proof of Proposition 2 is the following:

Lemma 1.1. Suppose that the hypotheses of Proposition 1 are satisfied and that
R>0. Then

S, x,0)=f7 (t,x, 0, (x, ) 2 —L(R)[9,(0) —v, (x, 1)] for
(1.25) all i=1,...,m, (t,x)€[0,R1xQ, and ¢ € C([-7, 0])"
’ with v~ (x,t+0) < p0) <v'(x,t+0) and |p(8) < R for

all —1<6<0
where L(R) is the Lipschitz constant for f in (1.5b). Furthermore, if [ is
quasi-monotone then
filt,x, 0) = fi(t, x, ¥) 2 —L(R)[p,(0) — w;(0)] for all i =
1,....m, (t,x)€[0,RIxQ, and ¢,y € C([-1, O)™ with
v (x, 1+0) < () < w(0) <v'(x, 1+6) and |p(0)|, lw(8)] <
R forall —1<6<0.
Proof. Let (t, x) [0, R]xQ andlet i € {1, ..., m}. Define 9 € C([-7, 0))"
by 9, =¢, for j#1i and

(1.26)

9,(0) =max{v, (x,t+8), 9,(0)—9,(0)—v, (x,t+0)}
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for —7 < 6 <0 and obsgrve that 9,(0) > v, (x,1+6), 9,(0)=v, (x, ), and

lo(0) —2(6) = ¢;(0) —9,(0)| < 9,(0) — v, (x,2).
Therefore, by (1.5b) and (1.16b)

flt,x,0) = f (1, x, v, (x, )
=filt,x,0) = filt, x, 9)+ fi(t, x, Q) — f; (t, x,v, (x,"))
> fi(t, x, 9) = fi(t, x,9) > —L(R)|l¢ — 9|
> —L(R)[p;(0) —v; (x, 1)].

This establishes (1.25) and the proof of (1.26) is the same with /= = f and
vix,t+0)=w(0).

Remark 1.8. Notice that under the hypotheses of Proposition 2, if w(x, t) =
u(x,t)—v (x,t) on [a—r1,c), then (1.25) implies that

duw'(x, ) >dAw' (x, 1) - LRw'(x, 1), i=1,...,m,

for R sufficiently large and (x, t) € Qx[a—7, ¢,] where a< ¢y <c.If i€ %
then the boundary conditions imply

a,(x)w' (x, 1) + 8w (x, 1) = B,(x, 1) = B (x, ) >0

for (x,t) € 9Qx|a, cy]. Since wi(x, a) > 0 for x € Q the strong maximum
principle shows the following:
(1.27)

(a) if i € Ty and u'(X, £,) > v (X, t,) for some ¢, € [a, ¢,),
then u' (X, H>v (X,t)forallte(t,,c);
(b)if i e Zg and u'-()c0 ,1o) >V (X,, t,) for some(x,, t)) € Q x [a, c),
then u'(x, 1) > v (x, 1) for all (x, 1) € Q x (1, ¢y)-
Remark 1.9. There is a convenient criterion to check if (1.24) is satisfied using
the Fréchet derivative of the map w — f(¢, X, ¥). In particular, if f(¢z,X, -)
is continuously Fréchet differentiable for each ¢ > a and the Fréchet derivative
of f(t,Xx,-) at ¢ satisfies (1.20) [i.e., is irreducible—see (1.21)] for all but

an at most countable number of (¢, ¢) in [a, co) x C([-7, 0])"", then f also
satisfies (1.24) (the proof follows from Lemma 3.2 in the next section).

Remark 1.10. Since the boundary conditions associated with diffusion in this
system always contain the normal derivative [see (1.4)], we are able to use
the space of continuous functions C(Q) in writing our system as an abstract
integral equation [see (1.11)]. If the boundary condition for the ith equation
is homogeneous and Dirichlet [u'(x, ) =0 for ¢ >a and x € Q], then our
techniques still apply in essentially the same manner except that C (ﬁ)0 ={pe
C(Q):p(x) =0 forall x € 3Q} must be used as the underlying space for the
ith component u'. That is, in place of the space C(Q)" use X = [, X,
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where X; = C(ﬁ)0 if the boundary condition for u' is homogeneous and
Dirichlet and X, = C(Q) otherwise. All of the preceding results remain valid
except that strict inequalities hold only for x € Q (as opposed to x € Q) for
all jth components with X ;= C(ﬁ)o. Furthermore, the space % is taken
to be #([-7, 0], X) and it must be assumed that B defined by (1.10) maps
%, into # [ie., if X, = C(Q), and ¢ € %,, then f(t,x,¢(x,") =0
for all t > 0 and x € 8Q]. The difficulty arising under Dirichlet boundary
conditions is caused by the fact that the Laplacian operator with homogeneous
Dirichlet boundary conditions is not densely defined in the space C(Q). This
problem can also be circumvented using the space L?(Q) where 1 < p < oo [in
fact, nonhomogeneous Dirichlet boundary conditions can also be handled using
LP(Q)]. However, in this situation additional assumptions must be made on

the functional nonlinearity f, and so it is not described here.

2. ABSTRACT RESULTS

Let X be a real or complex Banach space with norm denoted |- |, let 7
be a positive number, and denote by & = #([-7, 0]; X) the space of all
continuous functions ¢:[—7, 0] — X with |¢| = max{|¢(8)]:—7 < 6 < 0}.
The purpose of this section is to establish fundamental results for the existence
and behavior of solutions to a class of abstract semilinear integral equations
involving functional nonlinearities, and then apply these results to the equations
in §1. Many of these ideas are related to those in Lightbourne [8] and Martin
[10].

Suppose that a is a real number and 7 = {T(¢, s):t > s > a} is a family of
bounded linear operators from X into X that satisfy

(T1)y T(t,t)x=x and T(¢,s)T(s, )X =T(t,r)x forall t>s>r>a.

(T2) Foreach x € X themap (¢, s) — T(t, s)x iscontinuousfor t > s > a.

(T3) There are numbers M > 1 and w € R such that ||T(z,s)|| =

sup{|T(¢, s)x|:|x] < 1} < Me®"™ forall t1>s>a.

Such a family 7 isa C, linear evolution system, and if a=0 and 7(z, s) =
T(t—s) for t > s >0, then T is a C, linear semigroup. In addition to
the family T, we also consider a companion family S = {S(¢, s):t > s > a}
having the following two properties:
(S1) t— S(t, a)0 is continuous from [a, co) into X (where O is the zero
of X).
(S2) S(t,rx+T(t,s)y=S(t,s)Ss,r)x+y] forall x,ye X and ¢t >
s>r>a.
Note in particular that by setting y = 0 in (S2) we have the evolution property
S(t, r)x =8(t, s)S(s, r)x for t >s >r > a. Equivalently, it may be assumed
that there is a continuous function j:[a, co] — X such that
(S3) S(t,8)x=T(, s)[x—a(s)]+a(t) foralxe Xandt>s>a.
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Therefore, the family S consists of affine operators on X and corresponds to
solutions of linear differential equations having nonhomogeneous terms.

Remark 2.1. It is immediate to verify that (S3) implies that (S1) and (S2)
hold whenever 4 is continuous. To see that (S1) and (S2) imply (S3), set
a(t)=S(t, a)0 for t > a, and then foreach z€ X and t >s>a,set x =0,
r=a,and y =2z - S(s, a)0 in (S2) to obtain that

T(t,s)z—p(s))+a)=1T(, s)[z—S(s, a)0]+ S(¢, a)0
=S¢, $)[S(s, a)0+ {z - S(s, a)0}] = S(¢, 5)z.

Thus (S1) and (S2) imply (S3).
It is assumed throughout this section that the following hypotheses are satis-
fied:
(H1) D isaclosed subset of [a—1, 00)x X and D(¢) = {x € X:(t, x) € D}
is nonempty for each t >a—r.
(H2) Z is the closed subset of [a, o0) x & defined by & = {(t, ¢):9(0) €
D(t+0) forall —1<6<0}. Also, D(t) ={p € ®:(t, p) € D} for
each ¢ > a, and we assume that & (¢) is nonempty for each set 1 > a.
(H3) For each b > a there are a K(b) > 0 and a continuous nondecreasing
function #,:[0, b—a) — [0, oo) satisfying #7,(0) = 0 with the property
thatif a <t <t, <b, x;, € D(¢)), and x, € D(¢,), then there is a
continuous function w:[z,, t,] — X such that w(¢)) = x,, w(t,) = x,,
w(t) € D(¢) for ¢, <t<t,,and

w(0) ~w(s)] < ny(le - s + Kbyt - s E2=
274
forall s5,7€(t, t,].
(H4) B is continuous from D(B) into X where & C D(B) C [a, 00) X & .

Remark 2.2. Note that (H1) and (H3) imply that Z(¢) is nonempty for ¢ >
a+1t,forif x, € D(t—-1), x, € D(t), and w is as in (H3) with ¢, =7—1
and ¢, = ¢, then (¢, w) € & . Furthermore, if D is convex then (H3) is
automatically satisfied by defining

(t, = O)x, + (L —=1))x,

w(t) = G=1) fort, <t <t,.
Since D is convex,
(=) (t-1)
(t’ w(t)) - t2 _ tl (tl ’ xl) + (t2 _ ll)(tz’ xz) € D
and since
() — w(s)| = (s = 0)x, + (1 = 5)x, < [x, —lelt |

(t2_tl) TohL-
for 1, <s <t <1t,, wesee that (H3) is satisfied with K(b)=1 and n,=0if D
is convex. However, in order to apply our results to differential inequalities and
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Lyapunov techniques, we cannot assume that D is convex and so the technical
hypothesis (H3) seems necessary for the abstract techniques to have a wide range
of applicability. Furthermore, an example given in Leela and Moauro [6] shows
that invariance criteria of the type presented here are not valid for general closed
sets D, even when X = R. A further example involving a pathwise connected
set in the plane is given at the end of this section.

If b» > a and u is a continuous function from [a — 7, b] into X and
t € [a, b], then u, denotes the member of Z defined by u,(6) = u(t + ) for
—71< 6 <0. Assuming (H1)-(H4), we consider the abstract integral equation

u(t)=S(t,a)x(0)+/l T(t,r)B(r,u,)dr, a<t<b,

ula+6)=x@) for —1<0<0,
where y € & (a) is given. A function u:[a — 7, b)) — X is a solution to (2.1)
if u is continuous, u, = x, (t,u,) €< forall t€[a, b), and u satisfies the
first equation in (2.1). Note in particular that (¢, u,) € & for all ¢ € [a, b)
only in case u(t) € D(t) for all ¢ € [a, b), and hence existence results for (2.1)
also give criteria for invariant sets. In fact, with the notation

dx; D)) =inf{{x —yl:yeD(t)} forxeX, t>a,
the fundamental criterion for the invariance of the set & is given by
(2.2)

lim ~d (S(t+ h, 0p(0) +
h—0+ t

(2.1)

t+h

; T(t+h,r)B(t, p)dr; D(t+h)) =0

for (t,9) €.

This type of “subtangential condition” is crucial to our analysis and has been
used frequently in connection with ordinary differential systems as well as func-
tional differential systems (see, e.g., [8, 10, 16]). Observe that if (2.1) has a
solution u on [a, b] then

a+h
%d (S(a+h,a)x(0)+/ T(a+h,r)B(a, x)dr; D(a+h))

a+h
S%’S(a+h,a)x(0)+/ T(a+h,r)B(a,x)dr—u(a+h)’

_1

a+h a+h
— || Ta+hnB@ pdr- [ 1@ h nBG ) ar

1 a+h - wh
<i | We”iB@. - B w)dr
a

—0 ash— 0+
since B is continuousand u, — x as r — a+. Thus, if (2.1) has a local solution
with (a, x) replaced by (@, ¢) forevery (@, ¢) € &, then (2.2) must be valid
and hence is a necessary condition for local existence of solutions.
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We now state our main existence result for (2.1) and we assume that (T1)-
(T3), (S1)-(S3), and (H1)-(H4) are always valid.
Theorem 2. Suppose that (2.2) holds and for each R > 0 there are an Ly >0
and a continuous vy:[0, 0co) — [0, oo) such that vy(0) =0 and
|B(t, ¢) = B(s, w)| < vg(lt = sI) + Lgllp — w|| for all (¢, ¢),
(s, w)eZ with ||¢||, lw]|| <R and a<s,t<a+R.
Then (2.1) has a unique noncontinuable solution u on an interval of the form
[a, b) where a < b < +oo. Moreover, u(t) € D(t) for a <t < b and if
b < +oo then ||lu| — oo as t —=b" .

(2.3)

A detailed proof of this theorem is given in the last section of this paper.
Notice that if the hypotheses in Theorem 2 hold for some a, then they hold
with a replaced by @ for any @ > a. Thus these local existence results can
be combined with standard continuation arguments in order to obtain solutions
defined on a maximal interval. Therefore we prove only the local existence of
solutions.

As a consequence of this invariance criterion we add the following corollary
to these results

Corollary 4. Suppose K is a closed, convex subset of X and (T1)-(T3), (S1)-
(S3), and (H1)- (H4) are satisfied with D(t) = K forall t > a. Suppose further
that (2.3) holds and
(a) S(t,s):K— K fort>s>aand
(b) lim(1/h)d(p(0) + hB(t, ¢); K)=0for (t,p) e <.
Then (2.1) has a unique noncontinuable solution u on [a, b) from some b > a
and u(t)e K forall a—t1<t<b.
Proof. The function 2 — d(x + hy; K) is convex (since K is convex) and so
it follows from (2.4) that

(1/h)d(p(0) + hB(t, ¢); K) | 0 as h | 0.
Using this fact along with the continuity of B shows further that if & is a
compact subset of & then

(2.4)

lim 1

h—0+ h
uniformly for (¢, ¢9) € €. So let (¢, 9) € & be given and set y,(0) =
S(t+h,t)p(0) for h >0 and —7 <0 < 0. Then {(z,y,):0<h <1} isa
compact subset of & and it follows that

d(¢(0) +hB(t, 9); K) =0

t+h
%a’ (S(t+ h, t)p(0) +/ T(t+h~r,r)B(t, p)dr; D(t+ h))

1

h
1

< 3, (0) + hB(E, w,); K) +&5(h)

—0 ash—-0+.

< -d(S(t+h,t)p(0) +hB(t, 9); K) +¢,(h)
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This shows that (2.2) is fulfilled and hence the corollary is a consequence of
Theorem 2.

We now show how the results on invariant sets can be applied to obtain
inequalities for solutions. Suppose that X_ is a closed cone in X (i.e., x,y €
X,, a>0 implies x+y, ax € X,) with the property that x, ~-x € X_ & x =
0. Define the partial ordering “>”on X by x >y onlyincase x —y € X
(and hence X, = {x € X:x > 0}). It is also assumed that X with this ordering
is a vector lattice:

foreach x, y € X, z =sup{x, y} exists—thatis, z>x, z >
y,andif z, >x, z, >y then z< z,.

Throughout this section we use the notation

(2.5) xVy = sup{x, y}, x Ay =inf{x, y} = —sup{-x, -y},

x, =xV0, x_=-(xA0), and [|x] =x, +x_.
Observe that x_ = (-x) V0 = (-x),, |x. [, < Ixl,, |x_|, < |x[,, and
|x|, =|—x|, . All of the assertions concerning lattices made here can be found

in Vulikh [20]. In particular, the following properties are valid:

(@) xVy =(x—y), +y (see [20, p. 49]);

M) (xVvy)Az=(xAz)V(yAz) (see [20, p. 55]);

(c)x=x, —x_andif y, z>0with x =y — z, then
y>x,, z2>x_ (see[20, p.53]).

(2.6)

Furthermore, we always assume X is a Banach lattice:
(2.7) |x|, < ||, implies |x| < |y| forall x, y € X.

That is, the norm |-| on X is monotonic with respect to the ordering <. Also,
from [20, pp. 146, 174],
(2.8) @lxvz)-(yvz)l<|x—ylforx,y, zeX;

' (b) [(xAz)=(yAz)|<|x—ylforx,y, zeX.

Of particular interest in these considerations are order intervals, and so if
w, z€ X with w < z define
[w, +o0) ={x € X:x > w}, (=00, z]={x€X:x <z}
and [w, z]={xeX:w<x<z}
Also, for simplicity of notation we allow w to be —co and z to be +oo in
this notation. Therefore,
[—009 +OO)E(_OO1OO]EXa [_OO’Z]E(_OOaZ]g
[w, +00] = [w, +00).

For the remainder of this section it is assumed that v~ and v* are con-
tinuous functions from [a — 7, b) into X such that v~ (¢) < v*(¢) for all
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t €la—-rt,b). Our purpose is to develop criteria for the solution u to (2.1) to
satisfy v~ (¢) < u(t) <v*(t) forall t€a—1,b) {ie., u(t)ev (1), v ()]
for all ¢t € [a — 7, b]}. We also allow the possibility that v~ (¢) = —oco or
that v (f) = +o00, and hence our results also include one-sided estimates for
solutions. Observe that if we take D(t) = [v™(¢), v*(¢)] for a—t1 <t < b,
then Theorem 2 may be applied directly to determine if v~ () < u(t) < v*(¢)
[i.e., u(t) € D(t)] for a— 7 <t < b. Therefore, the techniques of this
section are essentially the verification of the hypotheses in Theorem 2 with
D(t)y=[w"(t),v" ()] fora—1<t<b.

We continue to suppose (T1)-(T3) and (S1)-(S3) are satisfied and, addition-
ally, we suppose T is positive:

(T4) T(t,s):X, - X, fort>s2>a.

Let E be a subset of [a —~ 7, 00) x X such that E(¢t) ={x € X:(t, x) € E} is
nonempty for all ¢ and define

&E={(t,p)€la,0)xE:(t+0,p0)eE for —1<6<0}.

Assume now that B is a continuous function from & into X and continue to
consider the integral equation (2.1) where (a, ) €& and v (a+6) < x(6) <
vT(a+ 0) for —t1 < 6 < 0. The aim now is to place conditions on S, B,
and v¥ to ensure that v7(t) < u(t) <v*(t) for a <t < c. First assume the
following:
(C1) S* and S~ satisfy (S1)—(S2) with S replaced by S* and S~ , respec-
tively.
(C2) S7(t,8)x <S(t,s)x <S*(¢t,s)x forall t>s>a and x€ X.
(C3) [v(t),v ()] c E(t) forall a—1 <t <b and, since v* are con-
tinuous, for each ¢ >a let ¥:[0, ¢ —a] — [0, co) be continuous and
increasing with 7 (0) = 0 and

W) —vE(s)| < (|t—s]) foralla<t, s<c.

Furthermore, suppose that B* and B~ are continuous functions from & into
X and that v* and v~ satisfy the following integral inequalities:

(Ca) v*(t+h) > STt +h, @)+ [Tt +h, B (r,v])dr for a <
t<t+h<b.
(C5) v (t+h) <SS (t+h,t)v (t)+ f,”h T(t+h,r)B (r,v, )dr for a <
t<t+h<b.
Remark 2.3. Note that if
t
v () =ST(t, a)v(a) +/ T(t, r)B"(r, Uf)dr fora<t<b

then (C4) is automatically satisfied. To see that this is so, apply (S2) and (T1)
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to obtain

t .
v t+h) = ST (t+h, aot(a@) + T(t+h, t)/ T(t, B (r, v")dr
t+h . + ‘
+/ T(t+h,r)B (r,v,)dr
t

=S(t+h,t) [S(t, aw(a) + /’ T(t,r)B (r,v))dr

t+h +
+ T(t+h,rB (r,v)dr

t
=S(t+h, v @)+ T(t+h,r)B(r,v))dr.
t
Hence (C4) holds with > replaced by =. Similarly, if

v (1)=S8 (t,a)v (a) +/t T(t,r)B (r,v, )dr fora<t<b,

then (C5) is valid. In particular, taking S =S and B = B, (C4) and (C5)
are valid if v™ are solutions to the integral equation (1.2) or (2.5). Also, we
tacitly assume (C3) and (C4) [respectively, (C5)] are automatically fulfilled if
v¥(t) = +oo [respectively, v (¢) = —o0].

Although we only need to require B and B~ to be continuous, we need
enough conditions on B and T to ensure local existence, and so we assume
that

(C6) B satisfies the Lipschitz condition (2.3) with & replaced by & .

Under these hypotheses we have the following:
Proposition 3. In addition to (C1)-(C6) suppose that

lim, o, $d(v*(t)—@(0)+A[B*(t,v,)-B(t, p)]; X,) =0 for
(2.9) all a<t<band (t,p)e& with v (t+6) < p(0) <v*(1+6)
for —1<0<0
and

lim, . +d(¢(0)—v™ (1)+A[B(t, 9)-B (t,v,)]; X,) =0 for
(210) alla<t<b and (t,p) €& with v (t+6) < () <v*(1+0)

for —1<0<0.
If v (a+6)<x(0)<v'(a+0) for —t <0 <0, then (2.1) has a solution u
on [a, b] for some a < b < b such that

(2.11) v () <u()<vt(t) forall tela,b).
Remark 2.4. If v*(t) = +oo then (2.9) is assumed to be automatically sat-
isfied and if v (#) = —oo then (2.10) is assumed satisfied. For example, if

v7(t) =400 and v~ (1) =0, then [v™ (1), v*(¢)] = X, . Assuming further that
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S(t,8): X, — X, for all ¢ > s > a, we see that (C5) holds if S™ =S and B~
is defined by B (¢, ¢) = B(t, ¢) — B(t, 0). Hypothesis (2.10) then becomes

M 1 . —_—
(2.12) Jim 2d(e(0) +hB(t, ¢); X,)=0

whenever (¢, ¢) € [a, c0) x & with ¢(0) >0 forall —7 < 6 < 0. (Notice that
this result reduces to Corollary 1 in §1 with K = X_.) The function B is said
to be quasi-positive (on X_ ) when (2.12) holds.

For the proof of Proposition 1 we use two preliminary lemmas.

Lemma 2.1. Suppose that w, z € X with w < z. then
(1) dx;[w,00)=|x-w)_|=dx-w; X,),

(i) d(x; (=00, z]) =|(x—2),|=d(z - x; X,),

(iii) d(x,[w, z]) <d(x; (o0, z]) +d(x; [w, 00))
SJoreach x € X .
Proof. Parts (i) and (ii) will follow routinely once it is shown that

dix; X,)=|x-x_|=|x_| forallxeX.
So let x € X and note that if y € X_ then
X=+x-y),]I=x-y)-(x-y),=-(x-y)_
and hence
x-D+x-» I, =1-x-y_l,=Ix-y)_l, <|x-y,.

Therefore, |x — [y + (x — ), ]| < |x —y| by norm monotonicity [see (2.7)] and
SO

x=yl2x=+x-y),lI=l-(x-y_]
However, x = [y + (x —y),]— (x —y)_ and the second part of (2.6¢) implies
(x—y)_>x_. Since x_ > 0, the monotonicity of the norm shows that

IX_I<lx=y)_[=lx-+x-p),1<lx-y
and hence
x =yl >|x_|=|x-x,| forallyeX,.
This shows d(x; X,) = |x_| since x, € X_, and it follows that (i) and (ii) are
true. To prove (iii), set x = —z and y = —x in (2.6a), which shows that

(=2)V(=x)=(~z+Xx), —x
and hence x —xAz=(x—-2z), . Thusif x >w then xAz€[w, z] and
d(x; (=00, z]) =|(x - 2),[ = lx = (x A 2)| 2 d(x; [w, z]).
Clearly, d(x; (-0, z)) <d(x;[w, z]) and so
(2.13) d(x; (=00, z])=d(x;[w, z))=|x—-(xAz) ifx>w.
Since |d(x; [w, z]) —d(y; [w, 2])| < |x — y|, we see that
dx;[w, z]) <dwVx;[w, z]) +|x - (wVx)|.
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But w Vv x > w, so using (2.13), (2.6b), and (2.8a),

dx;[w, z])<|[(wvx)—(wVxX)Az|+|x — (wVX)|
=|(wvx)—(WAZ)V(XAZ)|+|x—(wVx)
=j(wVvx)—wV(XAzZ)|+]|x—(wVx)
<lx—(xAzZ)|+|x—(wVx)|.

Setting x = —z and y = —x in (2.6a) shows x = (x Az) = (x — z),, and

setting x = w and y = x in (2.6a) shows x — (w V x) = (x — x),. But
l(w—x),|=|(x—w)_| and we see from parts (i) and (ii) that (iii) is also true.

Lemma 2.2. Suppose that v= satisfy (C3) and define D(t) =[v™(t), v* (t)] for

all tela—t, b]. Then hypothesis (H3) in §1 is satisfied on [a, b].

Proof. Suppose a < t; < t, < b and x; € [v_(tj), v+(tj)] for j =1,2.

Define

(L, = t)x, + (t—1))x,
L1

L(1) = fort, <t<t,

and note that
(2.14) IL(t) = L(s)| = |t = 5| - |t, = t,| ' |x, — x,| fors,t€lt, t,].

Setting w(t) = [L(H) AvT(5)]v o~ (¢) for ¢, <t < t,, we see that w() €
[v™(t), v*(£)] = D(t) and, by (2.14), (C3), and the inequalities in (2.8), it
follows that

lw(t) = w(s)| < [[LEE) AvT ()] VY (1) = [LE) Av (0] VU ()]
+IILO AV VYT (s) = [L(1) Ao ()] VU7 (9)]
o™ (1) = v ()| + |L(1) Av™ (1) = L(s) AvT (s)|
(]t = s]) + |L() AvT(£) = L(t) AvT(s)]

+|L() AvT(s) = L(s) AvT(s)]

<o (It =sl) + " (1) = v ()] + |L(1) - L(s)|

<20 (|t —s|) + |y — x,] - (1, — 1) |2 = 5.

<
<

Thus (H3) is valid on [a, ¢] with K(c) =1 and n.=2v,.

Proof of Proposition 3. This result will follow from Theorem 2 once it is
shown that the subtangential condition (2.2) is satisfied on [a, c] with D(¢) =
[v™(¢), v*(¢)]. First note that

(2.15) dix+y; X,)<d(x;X,) forallxe X, yeX,.
Also,if x € X and t > s > a then, by (T3) and (T4),
d(T(t,s)x; X ) <|T(@t,s)x =T, s)y|+d(T(t, s)y; X,)

=|T(t, s)(x = p)| < Me™" ™ |x - y|
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for all y € X . Therefore

(2.16)  d(T(t,s)x; X,) < M d(x; X,) fort>s>aandxe€X.
Now let (7, p) € & . By (2.6b), (C4), and (2.15) it follows that

t+h

d (S(z+h, He0) + T(t+h,r)B(t, p)dr; (—oo, v+(t+h)])

t
t+h

=d (v+(t +h)=S(t+h, )p(0) - T(t+h,r)B(t, ¢)dr; X+>

<d (S+(t +h, v () =S(t+h, 1)p(0)

t+h
+ T(t+h,r)[B (r,v)) - B(t, p)ldr; X+) )

t

However, (C2) and the properties of S imply
STt+h, 00 @) =St+h, )e0)>St+h, ) (1) -St+h, t)p(0)
=T(t+h, D" (1) - (0)]

and the continuity of 7, B, and B* imply
t+h

T(t+h, r)[B (r, v))~B(t, ¢)ldr = hT(t+h, H[B"(t,v,)~B(t, ¢)]+o(h)

t

where h~'|o(h)| — 0 as h — 0+ . By (2.16) and (2.9),

t+h

d (S(t +h, D)p(0) + T(t+h,r)B(t, ¢)dr; (-0, v (1 + h)])

<d(T(t+h, Dv'(t) — p(0) + h(B* (¢, v,)) — B(t, 9)]; X,) + |o(h)|
< Me” d(v* (1) - p(0) + h(B' (1, v]) = B(t, 9)); X,) + |o(h)|

and it follows that
(2.17)

t+h
hlir& %d (S(z +h, )p(0) + T(t+h,r)B(t, ¢)dr; (-0, v (1 + h)]) =0.
- t

In a similar manner it also follows that
(2.18)

t+h
hlir& %d (S(t +h, )p(0) +/t T(t+h,r)B(t,p)dr;[v (t+h), +oo)) =0.

Consequently, (2.17) and (2.18) along with (iii) in Lemma 2.1 show that

t+h
lim ld (S(t +h, t)p(0) +/ T(t+h,r)B(t, ¢)dr;
h—0+ h !

[v™(t+h), v+(t+h)]) =0,
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which is precisely (2.2) in this case. This completes the proof.

A function B from & into X is said to be quasi-monotone (on & relative
to X,) if

lim, . +d(w(0) — ¢(0) + h[B(t, w) - B(t, 9)]; X,) = O for

@19 (t,w), (t,p) €& with p < y.

Notice in particular that if B is quasi-monotone then (2.9) and (2.10) in Propo-
sition 3 are always satisfied with B* = B~ = B. More generally, using (2.15)
we also have the following observation:

(a) if B” is quasi-monotone, (2.9) is satisfied whenever
BY(t, 9) > B(t, ¢) for (t, ) € &, and

(b) if B is quasi-monotone, (2.10) is satisfied whenever
B (t,9) < B(t, ¢) for (t, p) € &.

There are several implications of the techniques in Proposition 3 using quasi-
monotonicity. As one such example we have

(2.20)

Corollary 5. Suppose that B is quasi-monotone on & and (C1)-(C6) are valid
with S* =S~ =S and B* =B = B. Thenforeach y € € with v, <y <v,
equation (2.1) has a (unique) solution u(-; x) on [a, b), where a < b = b(x).
Furthermore,

fv, Sx<y<wv, then v (1) Su(t; x) < u(t, w) <v' (1)
forall tela,b), where b =min{b(x), b(y)}.

Proof. The fact that u(-; x) exists and satisfies v (¢) < u(t; x) < v™(¢) is
a direct consequence of Proposition 3 by (2.20) and (2.19). Assertion (2.21)
also follows from Proposition 1 by redefining v*(¢) = u(z; ) for all ¢ €
[a— 17, b(w)) and then reapplying Proposition 3.

Remark 2.5. If X is the Banach space L”(Q)™ or C(Q)™, then it is natural
to take

(2.21)

X, ={)] €X:y(x)>0fori=1,..., mand almost all x € Q}.

In this case, (z,)]' > (v,)]" only if z,(x) > y,(x) forall i =1,...,m and

almost all x € Q. It is easy to see that this partial ordering makes X into a
Banach lattice.

We now indicate how these abstract results apply to Theorem 1 and Propo-
sition 1 in the first section. In particular, we take X = C(Q)” and let T and
S be as defined in (1.7) and (1.9), respectively. Also, B is the substitution
operator defined by (1.10). Since the differentiability assertions in Theorem 1
have already been established (see the paragraph following Theorem 1), we use
Corollary 4 to show the existence of a mild solution to (1.1). Therefore, set

K=%={pe®:9p(x,0)eA forall(x,8)eQx[-1,0]}
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and note that (H1)-(H4) hold with D(¢) = K since A (and hence K ) is closed
and convex. Also, property (2.4a) for S certainly holds from assumption (1.12)
and the continuity property (2.3) for B is an immediate consequence of (1.5a)
and (1.5b). Hence, it is sufficient to show that (1.5¢) implies that B satisfies
(2.4b), and so let (z, ¢) € [0, c0) x K. Since # — d(¢(0)+hf(t, x, p); A) is
convex on (0, oco0),

|

h
This fact along with the continuity of f shows that the limit is uniform for
(t, x, ¢) in each compact subset of [0, 00) x Q x %, . Since all norms on
R™ are equivalent, we assume that |- | is the Euclidean norm on R” and
set |y| = max{|y(x):x € Q} if y € X ¢ C(Q)". This norm on X and the
induced norm on % are equivalent to the original norms on X and on %,
respectively. Thus, if P, is the Euclidean projection onto A:

I€ = Py¢| = min{|C — nf:n € A},

then P, is well defined and continuous—in fact, [P, ¢ — P, 7| < |¢ — 5| for all
&, neR™. Since (x, 8) — ¢(x, 0) is uniformly continuous on Q x [-7, 0]
and it follows that {¢(x, -):x € Q} is a compact subset of C([—7, 0])” . hence
for each ¢ > 0 there is a d(¢) > 0 such that if

dlp(0)+hf(t,x,9); A)|0 ash—>0+.

Va(x) = Py(o(x, 00+ hf(t, x, 9(x,-) forxeQ, h>0,
then y, € K(A) and

d(p(0)+hB(1, 9); K(A) < |p(0) + hB(t, ¢) — v,
< sup{|o(x, 0) +Af(t, x, 9(x, ) = y,(x)|:x € Q}
= sup{d(p(x, 0) + hf(t, x, ¢(x,")); A):x € Q} < he
for all 0 < & < d(e). This shows that Theorem 1 is true.

Note that if ¢ and v¥ are asin (1.16) in Proposition 1, then (1.16a) may
be written

lim l
h—0+ h

and (1.16b) may be written

dw (x, )= p(0) +h[f (¢, x, v, (x, )= f(t, x, 9)]; [0, 00)™) =0

Jim 2d(p(0) = v (x, 0+ AL X, 9) = £ (0, x, 0] (6, D]: [0, 00)™) =0.

Comparing these statements with (2.9) and (2.10) and also comparing (1.15)'i
in Remark 1.5 with (C4) and (C4) indicates that Proposition 1 is a direct con-
sequence of Proposition 3. This proves all of the results in §1 on the reaction-
diffusion-delay systems except those involving strict inequalities, and these are
established using the results from the next section.
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Remark 2.6. Here we point out that the subtangential condition (2.2) is not
sufficient for invariance for functional differential equations even if D is path-
wise connected. Let X = R? , define
K1={(€[s52):ézso}’ K2={(§1’52):€1 SO’ 6220}3 and
Ky={(n"',&)&>0,n=1,2,...},
and set K = K, UK, UK. Then K is a closed pathwise connected subset of
R’. For each continuous function v: [-1, 0] — R define
g(v) =min{|v(0)|:—1 < 6 <0}
and then define f = (f,, f;):% — R* by
(=v(py)e,(=1),0) if g, (-1)<0,
foron={ o o o
(0, 0) if ,(=1)>0.
Taking x,(6) =0 and x,(6) =1 for —1 < 6 <0 implies that (x,(6), x,(0)) €
K forall —1<6 <0, but the solution u = (u,, u,) to
ul=f(u[), 1209 u0=X9
does not remain in K since u'l(O) >0 and u,(0) = 0. However, if ¢(6) € K
forall —1 <0 <0 then
(2.22) lim la'(q)(O) +hf(p); K)=0.
h—0+ h

Forif (¢,(0), ¢,(0)) € K,UK, then (2.32) follows easily, and if (¢,(0), ¢,(0))
€ K, then ¢,(0) = n~' for some positive integer n. If ¢,(=1) > 0 then
f(p) = (0,0) so (3.32) is immediate, and if ¢,(~1) < O then there is a
6 € (-1, 0) such that (¢,(0), ¢,(0)) = (n_l, 0). Hence g(¢,) = 0 and
f(p)=1(0,0), so (2.22) holds in this case as well.

3. SYSTEMS AND STRICT INEQUALITIES

In this section we continue to assume that X is a Banach lattice as in the
preceding section and further that m is a positive integer and there are Banach
spaces X,, i=1,..., m,suchthat X = H;’;l X, . Suppose also that there are
cones X, C X, such that

m
X, = I—IX,+ and if x = (X,-);n, y= (J’,»):n €X
i=1

thenx >y < x; >y foralli=1,..., m.

Here, of course, > denotes the partial order on X induced by X, (ie., x >
y < X —y € X,) and also the partial order on each X, induced by XI.Jr (i.e.,
X2y, ox,—y,€X ,+ ). Additionally, define

% =%(-1,0],X,) and %' ={p,€%:9,0)€ X, for —7<6<0}
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and observe that & = H;Z; % and .%Jr = H;’;l'%f where %ﬁ=‘ {peF:0(0) €
X, for —7 < 6 <0}. Itis assumed in this section that, in addition to (T1)-(T3)
and (S1)-(S3), the following properties hold for 7', S, and B:
(P1) T(t, s)x = (T(t, s)xl.):" where T(t, s): X, — X, forall t>s>a and
x=(x)€eX.
(P2) S(z, s)x = (S,(¢, s)x,.)'ln where S,(¢, 5): X, — X, forall t>5>a and

x=(x)'€eX.

(P3) T(t,s):X; — X and S(¢,5): X — X forall 1 >s > a and
i=1,...,m.

(P4) B = (Bl.);" where each B, maps D(B) into X,.

Also let |-| denote the norm on each X; and assume that m, and M, are

1
positive constants so that

m
(3.1 my|x| <Y x| < M|x| forall x = (x,)]" € X.
i=1
If d(x;, C;) =inf{|x, — y,|:y, € C;} for each x, € X; and C; C X,, then it is
easy to see from (3.1) that
(3.2)

mld< HC><Zd(xl,C <Md( HC) for all x = (x,)]" € X.

i=1 i=1

Observe that with the above notation equation (2.1) may be written in the
component form

t
u,(t) =S,(t, a)x;(0) +/ T(t,r)B,(r,u,)dr, t>a,
u;(a+0)=y,(0), -1<6<0,

where x = (x,)]" and u = (u,)]" is the solution to (2.1). Our final preliminary
assumption is that the suppositions of Proposition 3 are satisfied. Hence vE =
(v)!" are as in Proposition 3 and the solution u = (,)7" to (3.3) satisfies

(3.3)

(3.4) v () Sut)<v () fora<t<b, i=1,....,m

[see (2.11) in Proposition 3]. The principal aim of this section is to develop a
type of strict inequality for the solution u = (ui);" and apply these results to
Proposition 2 in §1.
Our first crucial assumption involves the operator B = (B,)]" and the oper-
ator B~ = (B;)" [see (C5) in §2]:
for each R > 0 there is an L(R) > 0 such that B,(t, ¢) —
(3.5) B (t,v,) 2 -L(R)[¢;(0) —v, (¢)] forall i=1,...,m and
(t,9)€la,a+R]Ix % with v, <p <v and |jg|| <R.

Note that if (3.5) holds and (z, ¢) € [a, c0) X & with v, ¢ < vf , then
9,(0) —v, (t) + h[B,(t, 9) — B, (t,v,)] > (1 = hL(R))[¢,(0) —v; (1)] 2 0
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when R > max{t —a, |lp||} and AL(R) < 1. Thus

Jlim hd,(¢(0) C(O)+hIB(t, 9) =B (1,v)]; X;) =0

and we see immediately from (3.2) that (3.5) implies that (2.10) in Proposition
3 must hold. As is indicated by Lemma 1.1, if B is the substitution operator
defined by (1.10), then (2.10) and the Lipschitz continuity of B show that (3.5)
must automatically hold. The fundamental implication of (3.5) is given by the
following lemma:

Lemma 3.1. Suppose (3.5) holds, u = (ui);" is the solution to (3.3), and R> 0
and a < b < b are such that b—a < R and |u(t)| < R forall t €[a,b]. If
L =L(R) isasin (3.5), then

(3.6) u,(t) = v; (0) > e HTITe, 1) u (1) = v] (8]
forall a<t <t<band i=1,..., m.

Proof. First notice that using property (S2) for component S; of S, it is easy
to see that

(3.7) u(t) =S8,(t, ty)u /T(t rB(r,u,)dr

Combining this equation with the inequality (C5) shows that if w(¢) = u(t) —
v~ (¢) then

w,(t) > S,(t, touty) = S; (¢, zo)v,.‘(zo)+/ttT,.(t, NIB(r,u,)— B (r,v, )dr

t
> S,(t, to)u(ty) — S,(t, ty)v; (t,) —/ T,(t, r)L(R)w(r)dr
t
where L(R) is as in (3.5) [the estimate S > .S —see (C2)—was used to obtain
the last inequality]. But (S2) implies
Syt 1), (tg) = Si(t, 1o)v] (1)) = Ti(t, 1), (1) = v; (1g)]
and we see that

w,(t) > Ti(t, ty)w, (1) — /tl T(t, r)L(R)w(r)dr

forall a<t,<t<band i=1,..., m. Thus it follows that w, () > z,(¢),
where

t
z,(t) = T,(t, ty)w,(t,) —/ T(t, r)L(R)z,(r)dr.
)
[This actually follows from Proposition 3 with v~ =z, v =400, S=85 =
T=T,,and B(t, ) =B (1, 9p) = —L¢(0).] One may verify directly that
z,(t) = e—L(’_tO)Ti(t, to)u(ty)

is the solution and hence (3.6) is true.
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In order to obtain strict inequalities for the solution to (3.3) we use positive
linear functionals on X;. So foreach i =1, ..., m let X i* be the dual space
of X. with || also denoting the norm on X I* and let

1
* * +
P ={®,€X;:®,(x,) >0forall x; € X, }.
Also, let %, be a nonempty indexing set and assume
* » x,
E; ={P, €P:peZ}

is a family of members of Pl.* . In addition to properties (P1)-(P4), we assume

if ie{l,...,m} and x, € X, then ®/(x,) > 0 for some
(3.8) o€ 1mp11es (T (1, t)x) >0 forall £>1t,>a and all
pe%

Remark 3.1. If Q is an open bounded domain in R" and X, = C(Q) (the
continuous functions from Q into R with the maximum norm), then one can
take %, = Q and define ®7(z) = z(p) for all z € C(Q) and p € Q. In this
case X, = C,(Q) istheset of all z € C(Q) such that z(p) >0 forall pe Q.
Notice here that

z € interior of C,(Q) & ®7(z) >0 forall p€Q.

Furthermore, if T,(z, s)v(’, is the solution to the heat equation with homo-
geneous boundary conditions as indicated by (1.7), we see that assumption
(3.8) reduces to the strong maximum principle. If X, = C (ﬁ)0 , the space
of z € C(Q) with z(p) = 0 for p € Q, then define Z,; exactly the same
with Q replaced by Q and let T, be generated by the heat equation with ho-
mogeneous Dirichlet boundary condmons Then (3 8) is still satisfied, but the
cone C (Q) has empty interior. If T,(z, s)v0 _UO on C(Q) or C(Q ) [e.g.,
if i e ZO in (1.7)], then we may select any p € Q and define %, = {p} and
<D?(z) = z(p) so that (3.8) is still valid. If X, = L?(Q) where 1 < p < o0,
then take &%, = {(X,r):X€Q and 0 <r < 1} and define

q>§.7”’(z)=/ﬂ(_ Zdx forallz e (@)

where Q(¥,r) = {x € Q:|x = X| < r}. Again the natural cone L”(Q) of
nonnegative-valued members of L”(Q) has empty interior, but (3.8) holds from
the maximum principle when 7, is generated by the Laplacian.

Combining assumption (3.8) with Lemma 5.1 gives the following important
observation:

If (3.8) holds, k € {1,..., m}, and @] (U (20)) > ( e (
(3.9) for some 1, € [a, b) and o €%, ,then q:”(uk( ) > P (v,
forall t€(z,, b] and all p € %, .

In order to ensure that strict inequalities in one component of the solution (ui):"
propagate to other components, it is necessary to make further assumptions on

0)
)

AN
~— —
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the function B = (Bi)f' . First, assume B is quasi-positive on X and consider
the following property:

ifa<t <t,, Lisanonempty, proper subset of {1,..., m}, and
w = (w,)]":[t, - 7, t,] - X, is continuous with
(@) @ (w, (1) =0forall j €X', peZ,, telt,—1,1,),
(3.10) (b) <Df(wj(t)) >0forall jeX, peZ;, tet, -1, 1],
then there are a k € X° and a ¢ € %, such that
sup{®} (B} (¢, w,)):t, <t < s} >0
forall £, <s < t,.

Since B = (B,)]" is quasi-positive, we have that

0

. 1
Jim. 7AW, (6) + hB (1, w); X))

and hence
w, () +hB(t, w,) =p, +o(h)

where p, € X, and h™'|o(h)] — 0 as h — 0+. Since k € X we have from
(3.10a) that (D”(wk(t)) =0, and by the definition of P, we have (i w(Dy) > 0.
Thus h®}(B, (1, w,)) > ®;(o(h)) and it is immediate that if (3.10a) holds then
O (B, (1, w)) >0 forallkeX’, peF,, andte(t, t,].

Therefore the crucial point in (3.10) is that supremum is strictly positive for
some k €X and 0 € %, .
Remark 3.2. Property (3.10) is connected with the concept of irreducibility and
is a direct extension of property (1.18) for f in §1. In particular, if X; =R,
#.={1}, and Q}(éi) =¢, forall i=1, ..., m,then (3.10) is precisely (1.18)
with B(z, ) = f(t, X, ¢).

Following an approach analogous to that in §1, where (1.18) was extended to
(1.22), we consider the following extension of (3.10):

(3.11)
ifa<t <t,, Zisaproper, nonempty subset of {1, ..., m},

and w = (w,)":[t, — 7, t,] — X is continuous with
(@) v (1) <w(t) < ()foralltl—rStStz,
(b) @ (w;(1)) = ®(v; (1)) forall j€ X, peZ,, andt, —t1< 1<y,
(c) <I>p(w (t))>d>p( _( )) forall je X, pe%’j, andt, -1 <1<,
then there are a k € £° and a ¢ € %, such that
sup{®, (B, (t, w,) — B, (t,v, )):t, <t<s}>0 foralls <s<t,.

Note that (3.10) is a special case of (3.11) with v (¢) = 0 and v*(¢) = +o0.
Under these conditions we have the following fundamental results regarding
strict inequalities for solutions to (3.3):
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Theorem 3. Suppose that in addition to the suppositions in Proposition 3, (P1)-
(P4), (3.5), (3.8), and (3.11) are satisfied. If there exists a t|, > a such that
L+(m-1)T< b and CDj.’(uj(tl)) > CDf(vj_(t])) for some je{l,...,m} and
some p e%j, then there exists a t, € [t,, t, + (m — 1)t] such that

(3.12) @F(u (1)) > P (v, (1)) forall te(t,,b), allic{l,..., m},
and all p € Z,.
Proof. For each 7 € (a, b] define

r.@={i=1,..., m: @ (u, (1)) > CDf(vi—(t)) forall t € [7, b] and all p € %}

From (3.9) and continuity it follows that i € ' (7) only in case ®(u,(?)) >
<I>‘,.’(vl." (f)) for some o € %;. Suppose, for contradiction, that there are 7 >
a+1, ¢ >0, and a nonempty, proper subset £ of {1,..., m} such that
I, (t)=2 forall te[f—1,7+¢] where 7+ ¢ < b. From the definition of
I (z) and (3.19) we have that

(@) @/ (u(t) —v, (1)) >0forallte[i—7,7+¢], i€EX, peX;

(3.13) -~ ~ ~
(b) 7 (u,(t) —v; (1)) =0forallte[f—1,71+¢], i€X, pEX,.

Therefore, by assumption (3.11) there area k € X, a ¢ € %, , and a sequence
{¢;}7" in (0, &) such that ¢; — 0+ as j — co and

D (B (T +¢;, u;+ej)—B,:(?+sj,v;1£j))>O forj=1,2,....

By continuity and (3.8) it may be assumed that for each j there is a number
?j, 1< 7,' <t+ ¢;, such that
(T, (T+¢e;, B (r,u) =B, (r,v,)])>0 forf, <r<i+e,
Using (C5) and equation (3.7) with ¢, =17, and 1 =17+¢,, it follows that
Oy, (T+¢) — v, (T +¢) 2 OST+e;, 1) (7)) — v (T))])

Ry
+[’ Q) (T(T+e,, r)[B(r, u,)~ B (r,v,)])dr>0.
4
However, this is a contradiction to (3.13b) since k € £°. Thus we conclude
that the following statement must be valid:

if 7€ (a,b—1) and T (7) is nonempty, then either ' (7) =
{1,...,m} orthereisa ¢, € (7,7+ 1] such that I'_(7) is a
proper subset of I'_(7;).

Using this statement, the theorem is established in the following manner: ' (¢,)
is nonempty by hypothesis, so if I'_(¢,) # {1, ..., m} thereisa t, € (¢, 1, +7]
such that I (¢,) is a proper subset of I' (,). If I'_(z,) # {1, ..., m} thereis
aty€e(t,, t,+1)C(t,t +21] suchthat I (¢,) is a proper subset of I' (z;).
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Continuing in this manner, it is easy to see that thereisa ¢, <t, + (m— 1)
such that I'_(z, ) = {1, ..., m}, and hence the theorem is proven.

These ideas also have immediate implications for strict inequalities between
comparable solutions to (3.3). In place of (3.5) we assume

for each R > 0 there is an L(R) > 0 such that

B(t,9) = B(t, y) 2 —L(R)[p;(0) — v,(0)]
forall i=1,...,m and (¢, ¢), (¢, ¥) €[a, a+ R] x & with
v, <y <p<wv and |y|, ol <R.

This condition implies that B is quasi-monotone; for if v, Sy<Lp< vt+ and
hL(R) <1 then
9;(0) — v, (0) + h[B,(t, ¢) — B,(t, y)] > (1 = hL(R))[¢,(0) — ;(0)] > 0

and it is immediate that

lim 2d,(9,(0) ~ y,(0) + AIB,(t, 9) ~ B(t, )]: X;) = 0.

This combined with (3.2) shows that (2.19) must hold, and hence B must be
quasi-monotone whenever (3.14) is satisfied. The condition on B correspond-
ing to (3.11) is the following:
(3.15)

ifa<t <t,<b, Xisanonempty, proper subset of {1,...,m},

and w* = (w,.i):": [t, — 7, t,] — X are continuous with
@v () >w () >w ()>v (1) forall tet, —1,1,],
(b) @ (w,; (1)) =@/ (w; (t)) forall ie X, peZ, telt, —1,1],
(c) D7 (w; (1)) > ¥ (w, (1) forallie X, peR,, telt,—1,1,],
then there area k € X anda o € %, such that
sup{®; (B, (t, w,)) — ®L(B,(t, w; )):t, <t <s}>0
forall z, <s<1t,.

Corollary 6. In addition to the suppositions in Theorem 3, suppose that (3.14)
and (3.15) are satisfied. Also, assume y* € & with v] <y~ < x* <wv} and
let u= be the solution to (3.3) on [a, E(Xi)) with x = x=, respectively. Then

(3.16) v () <u () <ut()<vT(t) foralla<i<b

where b = min{b(x"), b(x*)}. Also, if there is a t, > a such that t, +

(m—1)t < b and O} (1)) > ®(u; (1)) for some j €{l,..., m} and
some 0 € %, then there is a t, € [t,, t, + (m — 1)t] such that

(3.17) @ (1) > ®(u; (1)) forall te(t,,b), alie{l,..., m},
and all p;%j.
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Proof. Since these suppositions imply that those of Corollary 5 hold, we have
that (3.16) is valid directly from (2.21). Assertion (3.17) now follows directly
from Theorem 3 with v~ =u~ and u=u".

Under certain circumstances the differential of B may be used to determine
if (3.14) and (3.15) are valid. So assume that B(f, -) is continuously Fréchet
differentiable and let dB(t, ) = (dB(t, (p)):" denote the F-derivatives of
B(t,-) at ¢:dB(t, ¢) is a bounded linear map from # into X such that

Y0 vl
We have the following criteria:

Lemma 3.2. Suppose that B(t, -) is continuously Fréchet differentiable for each
a <t < oo and that the F-derivative dB(t, ¢) of B(t,:) at ¢ satisfies the
following:

for each R > 0 there is an L(R) > 0 such that dB,(t, )y
(3.18) —L(R)y,(0) forall y € €, i € {1,...,m} and (¢, ¢)
[a,a+RIx & withv, <9 <v and ||| <R.

2
€

Property (3.10) is valid with B(t, -) replaced by dB(t, ¢) for
(3.19) all but an at most countable number of (t, ¢) € [a, )X & with
v, <9< vf .
Then B satisfies properties (3.14) and (3.15).

Proof. Since B(t,, -) is C' and the set of ¢ in % such that v, <¢< v:“ is
convex, we have

1
(320) Bty ) =Bty w) = | dB iy, ro+(1=rw)o - w)dr

forall i=1,...,m and v, SR//S(/Jsv:’. Since
dB(ty, ro + (1 = r)y)(¢ — v) = —L(R)(9,(0) — v,(0))

if R = max{t;—a,|¢ — y|} by (3.18), it is immediate that B must sat-

isfy property (3.14). Now assume that X, ¢, ¢,, and w? are as in (3.15).
Applying the statements between (3.10) and Remark 3.2 with B ; replaced by

dB(t, rw/ +(1-ryw;) and w =w" —w™ shows that
-_— + —
(3.21) @ (dB;(t, rw + (1 —ryw, )(w, —w)) >0

forall jeX, 0<r<1,telt,t],and peZ;. If t; <s<t, then (3.19)
[using (3.10) with B, replaced by dB,(s, rw;r + (1 = r)w, )] implies there is
an ry € (0, 1) such that

(3.22) @ (dB, (s, rgw, + (1 —ry)w, Yw, —w,))>0
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for some k € X and o € %, . By continuity (3.22) holds for all r, in some
open subinterval of (0, 1). Setting i =k, {,=s5, ¢ = w; ,and ¥ = w, in
(3.20) shows that

@ (B (s, w]) - B, (s, w,)) = /1 @ (dB, (s, rw, + (1 - rw )(w, —w,))dr.
0

But (3.22) and (3.21) imply that this integral must be strictly positive, and hence
B must also satisfy (3.15). This completes the proof.

The final topic of this section is to show how these techniques imply the
results on strict inequalities stated in §1. In particular, it suffices to give a
proof of Proposition 2. So assume the hypotheses in Proposition 2 hold, let
X, =CQ) for i=1,...,m,andlet T=(T,)]", S=(S,)]",and B = (B)
be defined as in §1 [see (1.7), (1.9), and (1.10)]. Clearly (P1)-(P4) hold and
(1.25) in Lemma 1.1 implies that (3.5) is also satisfied. Set

X' =C(Q), ={y,€ CQ):y,(x) >0 forall xeQ}

and define the indexing sets %, by %, = {X} if i€ Z; and Z, =Q if i€ Z;.
Then for each i€ {1, ..., m} define <I)f.’(yi) =y,(p) for all p € #, and note
that (3.8) holds in this case (use the strong maximum principle for i € Zg).
Also, let w = (w,;)[:Q x [t, — 7, 1,] —» R be continuous [so that ¢t — w(-, ¢)
is continuous from [¢, — 7, £,] into C(Q)™] and let (a)-(c) in (3.11) hold.
Taking z,(¢) = w;(X, 1) forall re€(f, —1,¢] and j € {l,..., m}, we see
immediately from (1.22) that there is a k € X° with

sup{f, (£, X, w(X, ) - f, (¢, X, v (¥,):t;, <t<s5}>0
for each 7, <5 <t,. But this says precisely that
sup{®, (B, (t, w,) — B, (t,v, )):t; <t<s}>0

forall ¢, <s <t, when ¢ =X, and hence (3.11) is also satisfied. Therefore,
each of the suppositions in Theorem 3 is fulfilled and we see that (1.23) is an
immediate consequence of (3.12) in this case. This proves Proposition 2.

4. EXISTENCE PROOFS

The purpose of this section is to give detailed proofs. The basic existence
result is stated in Theorem 2 of §2, and it is assumed throughout that (T1)-
(T3), (S1)-(S3), (H1)-(H4), and (2.2) are satisfied. In place of (T3), it is often
more convenient to use a Lyapunov-like function in our estimates, and its basic
properties are described in our first lemma:

Lemma 4.1. For each (1, x) € [a, o) x X define
Wit, x]=sup[{e " |T(t+r, t)x|:r > 0}.
Then W1{t, -] is a norm on X satisfying
(a) |x] < W[t, x] < M|x| for (t, x) € [a, c0) x X and

4.1
*D (b) W[t, T(t, s)x] < e”" ™ W[s, x] forxe X and t > s > a.
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In particular, if M =1 then W(t, x]=|x| forall t>a, xeX.

Proof. Tt is easy to see that W[t -] is a norm and that (4.1a) holds [where M
and w are as in (T3)]. Furthermore, if { > s > a then

Wit, T(t, s)x]=sup{e ' |T(t+r, s)x|:r >0}
=™ sup{e—w(w_s)lT(s +(t+r—s),s)x|:r >0}

w(t—s)

<e”sup{e ’|T(s+p, s)x|:p > 0}

=¥ Wls, x]
and we see that (4.2b) also is true. This completes the proof of the lemma.
In order to establish existence we construct approximate solutions and then

show that these approximate solutions converge to a solution. Solet (a, y) € &
be given and consider the initial value problem

(4.2) u(t)=S(t, a)x0) + /at T(t,r)B(r,u,)dr, a<t<o,
u(a+0)=x(0) for —1<0<0. v
Now let K = K(c+¢,) and = Myse, DEasin (H3), M, & be as in (T3), and
select the numbers M > M, R, N, & >0, and ¢ > a such that
(a) egM < R/3 and n(e,) < R/3;
(b) |B(t, ¢)] < N whenever (t, ) € Z witht € [a, g + ¢,],
p@)=x(t—a+0)if —1<8<0andf+60<a, and
(4.3) lp(@) — x(0)| < 2K+ Rif —1<f<0andt+6 >a;
() IS(z, a)x(0) — x(0)| < R/3 and ||T(z, s)|| < M if
ass<t<o+ey;

(d) €TV N(MN + ,)(0 + &, — a) < R/3.

Because of the continuity of B and S there exist numbers so that (4.3) is
satisfied. We show that for each ¢ € (0, ¢)] we may construct g-approximate
solutions to (4.2) on [a, g]. This construction is established with several lem-
mas and it is assumed that (4.3) holds in each of these lemmas.

Lemma 4.2. Suppose that {1}, is an increasing sequence in [a, o + ], {x;}g
is a sequence in X , and there is a number M > 0 such that

IS(t )X, =X, | S M(t,, —1t,) fori=0,1,...,n—1.

i+1° ti i+1

Then
1S(t., t)x, — x| < el AT — 1)
i*"0/7%0 i i 0

for i=0,1,...,n.
Proof. If W is as in Lemma 4.1, it suffices from (4.1a) to show that

(4.4) Wlt,, S(t;, tg)xg — x,1 < e\ MM (1, 1)

i’ i
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for i =0, ..., n. This is established by induction: Clearly (4.4) holdsif i =0,
so assume that (4.4) holds for some i € {0, ..., n — 1}. Then, using the fact
that W[z, -] is a norm, (S2), and (4.1), we have

Wit s Sty 19)X0 = Xi4q]
SWIty s Sy 1)S( 5 19)xg = S(t, s 1)X)]
Wty Sy 8)X = Xx]

SWI s Tty 1S o)X — X))+ M|S(t i1 X = Xy
< e TVWL S(1,, )X, — X1+ MM(t,,, — 1))
< el =t (1) T (1, — 1)) + MM (1
< M= i RT (e, - 1)

This establishes (4.4) and completes the proof.

i+1 i)

Now let ¢ bein (0, ¢;]. The ¢-approximate solution w and a corresponding
increasing sequence {1,},° are constructed in the following manner: Set 7, = a
and define w(a +s) = x(s) for —t < s < 0. Assume that i/ is a nonnegative
integer and w is constructed and continuous on [a—7, ;] where a < ¢, < g+¢,
and w(t) € D(t) on [a—7,t]. If t; >0 set 1, =t and if ¢; <o choose
6, €[0, €] as follows:

(4.5)
(@) |S(t, thw(t,) —w(t)| <eift, <t <1, +6;;

;+9,

(b) d(S(t,+6;, th)w(t,) +/ T(t;+0;,r)B(t;, w,)dr; D(t;+9,)) < &,/2;
L !

(©) |w(t) —w(s)| <eift,sela—1,1t,]with |t —s| < J;;

(d) if (a), (b), and (c) hold with ¢, replaced by n > 0, then d, > /2.

The continuity of w and S along with the subtangential condition (2.2) implies

that J, > 0 if ¢, < . Define ¢, | = t,+J, and by (4.5b) select w(¢,,,) € D(¢,,,)
so that

(4.6) ‘S(’m 1) / T(t,,,rB(t;, w )dr —w(t, )| <elt,, —t).

Also, by assumption (H3) define w on (7;,¢, ) so that w is continuous,
w(t) € D(¢), and
lw(t,;, ;) —w(t)|

(47) fw(t) = w()| < nllt = s)) + R——42—

|t = s
i+1
1ft,.§s, 1<t
Lemma 4.3. With the above notations, the following are true:
(@) |w(t)—x(0)<2R/3fori=0,1,2,...;
() Jw(®)—x0)|<QRK+DRfortela,t], i=0,1,2,...;
(¢) |B(t;,w,)|<Nfori=0,1,2,....
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Proof. We prove (a), (b), and (c) simultaneously by induction on i. Clearly all
three hold for i/ = 0 [see (5.3b)], so assume k > O is given and that (a), (b),
and (c) are true whenever 0 < i < k. By (4.6), (c), and (4.3c),

1S (2

(4.8) i+1° ti)w(ti) - w(ti+1)| <

L
/ T(t,,, B, w )dr +e(t , —1t)
t 1

i

< (MN+e)(t,,, —1,)

forall i =0, ..., k. Therefore, by Lemma 4.2 with n = k+1, M = (MN+e),
and x; = w(¢;), we see that

ISty @)2(0) —w(t,, )| < " R(MN + )1, — a)
< R/3
by (4.3d). Consequently, by (4.3c) we have
lw(t,,,) — x0)] < |w(t,) =St @20+ S, a)x(0) = x(0)]
<R/3+R/3=2R/3
so (a) holds with i = k + 1. Also, if ¢, <t <1, , when using (4.7), (4.3a),
and part (a) of this lemma, we see that
lw(t) = x(0)] < [w(t) —w(t )|+ [w(z,) — x(0)]
|w(tk+1) - w(tk)l
Lt — I
<t — b))+ Klw(t, ) —w(t)|+2R/3
< n(e) + K{lw(t,,) — 2(0)| + x(0) —w(z,)|} + 2R/3
< R/3+2K(2R/3)+2R/3 < (2K + 1)R.

This shows that (b) is true for i = k + 1 and since (b) now implies

(t—1,)+2R/3

1Bty w, SN
by (4.3b), we have that this lemma is true by induction.

Since the sequence {t,,}gO is nondecreasing in [a, 0 + ¢,] we have that p =
lim,_, ¢ exists and w is defined on [a, p) with w(t) € D(¢) for all ¢ €
[a, p). We also have the following:

Lemma 4.4. If p € (a, 0 +¢,] and w:[la— 1, p) = X is as above, then z =

lim,_,, w(p) exists and z € D(p). In particular, if w(p) =z then w, — w,

in % as t— p—.

Proof. First we show that w(¢;) converges as i — oo (note that this lemma is

obvious if 7, > o for some n, since the construction of {7;};° implies that

t;=1t, forall i > n). Using (4.8) in the proof of Lemma 4.3, we have that
IS(t,,, > tJw(t) —w(t,,)] < M(t

1

—t) fori=0,1,2,...

i+1
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where M = (MN +¢). Therefore, if j > k > 0, we have using Lemma 4.2
with n=j-k, x, = w(t,,,),and ¢; replaced by ¢, ; that

wl(t.—t,) 5 -

IS(2;, tw(t) —w(t)| < MM, ~ 1) <N(p~1,)
where N = e!""9 ¥137 . Therefore, let € > 0 be given and choose k > 0 so
that 2N(p—t,) <&/2. Since S(t;, t,)w(t,) — S(p, t,)w(t,) as i — oo by the
continuity of S, choose n(g) > k so that

IS(2;, tw(t,) - (tj, Lw(t ) <e/2 ifi, j > n(E).
Then for i, j > n(¢) we have

lw(t,) —w(t;)] < |w(t;) = S, t,)w(t,)]
+ 10, 1wt = Sl G|+ 10, 1w(t) —wi)
SN(p-1)+E/2+N(p-1,)<

Thus {w(¢, )}0 is Cauchy and z = lim,_,__ w(¢;) exists. Since (z;, w(¢;)) € D
and D is closed, it follows that (p, z) € D and hence z € D(p). Since (4.7)
shows that

lw(tyy) —w()|

li+l -

S n(tj+| L )+K|w(tl+1 (tl)|

it is immediate that w(z) — z as t — p— and the assertions in this lemma
now follow.

lw(t) —w(t)| < n(jt—1,) + K

|t —1,]

The next lemma shows that the above construction always results in the ex-
istence of an &-approximate solution on [a — 7, ] where o is independent of
€.

Lemma 4.5. If {1,};° is as above, then there is an integer n = n(e) such that
t,20.

Proof. Suppose, for contradiction, that no such »n exists. Then ¢, < ¢ for all
i >1 and since w(¢;) — z as [ — oo by the preceding lemma, it follows from
the continuity of w and § that (4.5a) and (4.5¢) hold with §, independent
of i. Hence, there area J > 0 and a k > 1 such that (4.5a) and (4.5¢) hold
with J, replaced by p+n—1t, for i>k and 0 <y <é. If n€(0,J] and
i = i(n) > k is sufficiently large so that 2d, < p +n —¢;, then it follows from
(4.5d) and (4.5b) that

d (S(p +1, t)w(t,) + /Hn T(p+n,rB(t, wt,.)d'? D(p + n))

>(p+n—1t)e/2.
Using continuity and letting i — oo it follows that

d<S(p+n,p)Z+/

P

p+n

T(p-+ 1. 1Bp. w,)dri Dip+1)) 2 ne/?2
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for each n € (0, d]. This is, of course, a contradiction to the subtangential
condition (2.2) and shows that this lemma is true.

Now let {¢,}7° be a decreasing sequence in (0, &) such that ¢, — 0 as

n — oo and for each n > 1 let w" and {1}, be as constructed above with

e =¢8, ;= tl'.', and w = w". We know from Lemma 4.5 that for each

n > 1 there is an n, = ny(n) such that t:o > o. For convenience we define a
companion function v" for w" in the following manner:

v"(1) = S(t, a)x(0)+f, T(t, r)B("(r), w)u,)dr for t € [a, o]
(4.9) and v"(a + 0) = x(0) for —t < 6 < 0, where y":[a, 0] —

. n n n n
[a, o] satisfies y"(z) = ¢; whenever #; <t <1, .

Observe that if a <s <t <o we have from (S2) that
v"(t) = S(t, 5)S(s, a)x(0) + T(t, s)/: T(s, r)B("(r), wyn,) dr
+ /St T(t, r)B("(r), w;'n(r))dr
=S(t,s) [S(s, a)x(0) + /: T(s, r)B(y"(r), w;'n(r))dr
+ /S t T(t, n)BG"(r), wyn,) dr
and it follows that

(4.10) v"(1) =S(t,s)v"(s)+/! T(t, B (r), w

yn(r))dr fora<s<t<oa.

There is the following important estimate for w” and v":

Lemma 4.6. Suppose that ¢, , w", and v" are as above for n = 1,2, ....

Then there exists a P > 0, independent of n, such that

(4.11) " (6)-w"(1)] < Pmax{e,, n(e,)} fora—t<t<ocandn=1,2,....

Proof. Let W be as in Lemma 4.1 and let n > 1. We first show by induction
on i thatif a <1 <o then

n  n,.n n,.n lw|(1] —a) 47 n
(4.12) Wit v (t)—w ()] <e Me,(t; —a).
For convenience we omit the superscript » and set
t
Oz, s) = / T(t, r)B(y(r), wy(,))dr fora<s<t<o.
S

Clearly (4.12) holds for i = 0, so assume that it is valid for some i > 0 where
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t; <t <o. Then by (4.10), (4.1), and the fact that W[t
Wit

i1 7] is a norm,
vt ) —w(t, )= Wi, S, 1)) + 91, 1) —w(t,,,)]
SWIt s Sy s tv(e) =S, t)w ()]

+ Wty Sy Hw(t) + D, 1) —w(t,))]
SWIt, T, t) () —w(t))]

+MIS(t,,, tw(t) + D1, 1) —w(t,,)|
T () - w(t)]+ Me, (1, — 1)

where (4.6) was used in the last estimate. By the induction hypothesis

i+1°

<e

W( 'U(t w(t,'+|)] < e|w|(t1+l_ti) |w|([,“'a)M8n(ti _ a)

+ Me 2

and it is immediate that (4.12) holds with i replaced by (i + 1). Thus (4.12)
is valid by induction on i, so by (4.1a) we have that

i+1° 1+l) -

i+1 i)

(4.13) lo(t,) — w(z,)| < "M (o - a)e, = Qe,

where we continue to omit the superscript » on v, w,and ¢;. If ¢, <t <
t;;; < o then applying (4.10), (4.5a), (4.7), (4.13), and (c) in Lemma 4.3

[v(t) —w(@e)] < [S(¢, t)v(t;) + D2, t;) — S(¢, t)w(t)|
+IS(, t)w(t) —w(t)| + |w(t;) — w(?)]
SMlu(t) —w(t)| + P, t)| +¢,
+K(t—1t)+Klw(t,, ) —w(t,)
< MQe, + MNe, +¢, +n(¢,) + Klw(t,,,) — w(t,)].
But (4.8) and (4.5a) imply
lw(t;, ) —w(t)| <lw(t,,) =S, tHwE) +1S@,,, t)w() —w(z)
S(MN+e)(t, ,—t)+e, < (MN+eg, + 1),

iv1)

and we see that (4.11) is valid by combining the two preceding inequalities

Lemma 4.7. There exists a constant Q > 0, independent of t € [a, d] and
n > 1, such that

w;'nm” < Qmax{e,, n(e,)} fortela,clandn=1,2,...,

n
“’U)t -

where || - || is the norm in % .
Proof. Suppose that n > 1 and t <t< t, +1 < 0. Then

llw)’ = wh | = 1wy — w4|| = sup{|w" (1 +5) —w"({] +5)]: -1 <5 < 0}.
Since |(t+s)— (t +5) =1t —t | < ’z+1 ti , we have from (4.5¢) that

lw"(t+s) —w" (£ +5)| <e, whenevert+s<1,.
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If t+5>1¢ then —s<t—1t; <1, — ;50 |w'(t])—w"(t} +5)| < ¢, by

(4.5¢). Therefore, by (4.7) and (4.14),
[w"(t+5) —w"(&] +5) < Jw"(t+5) —w" ()| + |w"({t]) —w" (1 +5)|
< n(e,) + Kw"(1],,) —w" ()| + ¢,
<ne,) +K(MN+¢, + 1), +¢,
whenever ¢+ s > t;’ . Combining these estimates establishes the lemma.
Lemma 4.8. Suppose that there is a function u:[a — 1, 6] — X such that

u(t) = nli’r{.lo w"(t) uniformly fort € [a — 1, 0.

Then (t, u(t)) € D and u is a solution to (4.2) on [a, d].

Proof. Since D is closed and (¢, w"(t)) € D we have that (¢, u(t)) € D for all
tela-1, o). By Lemma 4.6 v"(¢) — u(¢) uniformly on [a—71, ¢] as n — oo
and by Lemma 4.7,

n n
1wy = ]l < Mlwpngy = w Il + lw; = uy|

P (8)

< Qmax{e,, n(e,)} +sup{lw" (1 +s) —u(t+s): -1 < s <0}
and it follows that w;n(t) —u, in & as n— oo, uniformly for 7 € [a, g]. By
the continuity of B we have

B("(8), wyn ) — B(t, u,) asn— oo

and this limit is also uniform for ¢ € [a, g]. Thus, by (4.9), (4.11), and the
continuity of T,

u(t) = lim {S(t, a)x(0)+/ T(¢, r)B(y"(r), w,, (,)dr}

a
t
= S(t, a)x(0) +/ T(t, NB(r, u,)dr
a
and u is a solution to (4.2).

Proof of existence in Theorem 2. Since |t —y"(1)| < ¢, it follows that [y"(t) =
»"(t)] = 0 as n, m — oo, uniformly for ¢t € [a, g]. Therefore, by (1.4),
Lemma 4.7, and Lemma 4.6 it follows that R is such that |w"(¢)] < R for all
n>1 and t€[a -1, g], then

BG(r), wlh,y) =BG (), wim)
< LE”w:" N w;r'l"(r)“ + V(Vn( r) =" (r)
<L—||w —w,m||+6n m < R||v —vrm||+én,m

where €, ,,¢, ,—0asn,m—oo. Using (4.9) and (T3), we have

t
() — 0™ (1)) < / MLgv" —v"||dr + 1
a

n,m
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where Moom — 0 as n, m — oco. Defining
4, (1) = max{[v"(r) —v"(N|:a-t<r<t}
we see that for each ¢ € [a, o] there is an r(¢) € [a — 7, ] such that

Gy (1) = 0" (r(1)) = 0" (r(1))]

r(t)
/ MLR“U,n—U,mIIdV‘Fﬂ,,,m
a

IA

IA

t
/ MLgq, ,(r)dr+n, ..
a

Gronwall’s inequality along with the fact that 7, , — 0 as n, m — co shows
that g, , (1) = 0 as n, m — oo, and hence {v"(t)};':"=1 is uniformly Cauchy
on [a—1, o]. This implies that {w"(z)};’f;l is uniformly Cauchy on [a— 7, 0]
and hence (4.2) has a solution by Lemma 4.8. This establishes the existence of
a solution under the suppositions of Theorem 2, and because of the Lipschitz
continuity of B the uniqueness assertion in Theorem 2 follows using standard

techniques and we omit the proof.
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